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Abstract 

Geographically Weighted Regression (GWR) has been developed as a local technique to 

investigate spatial non-stationarity in data relationships, and since its inception it has been 

applied broadly in various domains. The Euclidean distance (ED) has been generally 

implemented as the default distance in the traditional GWR technique. In this thesis, we 

extend GWR by incorporating a range of different non-Euclidean distance metrics. 

Two hedonic house price modelling studies are undertaken using house price data for London 

and the West Midlands. Nineteen potential variables are chosen to explain house price 

variation. Both data sets were examined using the ordinary least squares (OLS) and the 

standard GWR technique. GWR calibrations have shown significant improvements over the 

OLS calibration. 

Within the modelling framework constructed for the experimental data sets, a range of non-

Euclidean distance metrics have been tested in GWR. The network distance (ND) and travel 

time (TT) metrics were implemented with the London house price data, whilst only ND was 

implemented with the WMC house price data due to the lack of reliable road speed data. The 

experiments with the London house price data indicate that TT was the best performing 

metric among the three distance metrics in terms of goodness of fit; results from both data 

sets have shown that ND performed well in fitting accurately in comparison with ED. 

Furthermore, the performances of TT and ND are discussed in detail and general conclusions 

have been reached. 

The Minkowski approach is also examined to yield an optimum distance metric for a given 

GWR model. It was again assessed with the London data by studying two different models. 
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In these experiments, the chosen best performing distance (BPD) have mostly shown 

significant improvement over ED, particularly in terms of fitting accuracy.  

Based on the approaches developed in this thesis, an R package fdgwr has been written, 

which enables flexible usage of different distance metrics in GWR. In this package, three 

elements of functionality are available: i) distance matrix calculation for GWR calibration; ii) 

GWR model calibration with a specified distance matrix; iii) GWR model specification. 

This thesis has developed an extension of the GWR approach to implement different distance 

metrics in its calibration. With deeper understanding of the complex nature of geographical 

space, this topic will undoubtedly lead to further in-depth and detailed studies in the future. 
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Chapter 1 Introduction 
 

“Everything is related to everything else, but near things are more related than distant things” 

----Tobler (1970, p. 236) 

1.1 Overview 

Waldo Tobler’s celebrated dictum, to which he referred as the first law of geography, has 

been widely adopted as a basic principle in geographic information systems (GIS) and 

geographic information science (GIScience) (Goodchild, 1992). It is at the core of many 

spatial analytic techniques, such as spatial autocorrelation statistics, spatial interpolation and 

spatial interaction techniques (Goodchild, 2004; Miller, 2004; Sui, 2004). Specifically, it is 

also recognised as a basic law in exploring spatial heterogeneity, such as local indicators of 

spatial association (LISA) statistics (Anselin, 1995), and the G statistics (Getis and Ord, 

1992). Inspired by Tobler’s law, Geographically Weighted Regression (GWR) has been 

developed as a local technique to investigate spatial non-stationarity in data relationships in a 

location-specific form (Brunsdon et al., 1996; Fotheringham et al., 1996; Brunsdon et al., 

1998; Fotheringham et al., 1998). It concerns a hypothetical ‘bump of influence’ that 

surrounds each regression point, where nearer observations have more influence in estimating 

a local set of regression coefficients than observations farther away (Fotheringham et al., 

1998). 

The principle of GWR inherited from Tobler’s first law, “near things tend to be more related”, 

requires a thorough understanding of the meaning of “near”. Distance is the indicator that 

gives a quantitative or qualitative description of the nearness, proximity, or similarity 

between any pair of objects or entities. It can be generalized by the concept of a distance 

metric function which is well defined in mathematics. In discussions on how it impacts on 
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“related” objects, distance is generally recognised as an enervating factor that attenuates 

spatial interactions (Pirie, 2009). For GWR, a spatial kernel function is incorporated into its 

calibration to represent the influence of “near” observations in each “related” location-

specific regression estimation. Until now, there have been numerous contributions to 

improving the performance of GWR, particularly focused on selecting different geographical 

weighting schemes. Different kernel functions have been suggested, including Box-car, 

Gaussian, Bi-square and Tricube (e.g. Brunsdon et al., 1996; Fotheringham et al., 1998; 

Yrigoyen et al., 2007). Rules or criteria to select an optimum bandwidth for a GWR 

calibration have also been proposed (e.g. Fotheringham et al., 2002; Páez et al., 2002a; Farber 

and Páez, 2007). In practice, the Euclidean distance is arbitrarily implemented as the default 

in calculating the weighting matrix, except the software made available as GWR 3.0 allows 

great circle measurements for unprojected geographical coordinates. However, the scope of 

distance metrics in spatial analysis is far larger than simple Euclidean choices, and further 

attempts should be made with non-Euclidean distance metrics, this has been largely neglected 

in previous studies and applications of GWR. 

All the beings in existence, including human, are immersed in the world. Consequently, we 

cannot see or touch the full extent from any single location, or move through the spatio-

temporal dimensions to explore the full-scale domains of the real world. Due to our 

incomplete knowledge of the geographic space, it is a complex system rather than an intuitive 

“table-top space” (Worboys, 1996). Its complexity also determines that there can be no 

globally imposed distance metric for spatial analysis, though the Euclidean distance is 

commonly used. However, distance is one of the fundamental elements of our world, 

particularly in GIS or spatial analysis where proximity effects are key to understanding 

spatial variations and considering them within distance-decay schemes (Longley et al., 2005). 

As addressed empirically by Longley et al. (2005), the distance metric in a distance-decay 
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scheme is potentially dependent on a number of factors, including physical factors (e.g. river, 

road infrastructure and associated conditions and accessibility), socio-economic factors (e.g. 

preferences to hospitals, schools and stores), or administrative geographies. Accordingly, the 

complex and diverse situations of GWR modelling require more options for selecting, other 

non-Euclidean, distance metrics in addition to the Euclidean one. In essence, an untested 

usage of Euclidean distance metric in GWR may lead to inaccurate coefficient estimates, and 

an unreliable spatial pattern due to the artefacts from the straight-line measure between 

regression points and data points. Theoretically, the more appropriate the distance metric that 

is used in GWR calibration, the more potential for a significant performance improvement. 

In this thesis, I attempt to use non-Euclidean distance metrics in GWR calibrations based on a 

solid appreciation of distance metrics in spatial analysis. This work will propose and 

investigate answers to the following questions:  

 To what extent is it possible to improve the performance of GWR by applying a non-

Euclidean distance metric?  

 If an improvement is discovered, can the distance metric be incorporated in GWR 

calibration?  

 What are the key aspects or mechanisms of the GWR fit that determine the 

performance of a distance metric in GWR? 

1.2 Research objectives 

The goal of this thesis is to explore the performance of non-Euclidean distance metrics in 

GWR. In order to address this goal properly, three research objects are defined: 

I. Explore the feasibility and necessity of using non-Euclidean distance metrics in GWR, 

and develop the corresponding methodologies. 
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II. Test these methodologies with case studies, and make comparisons with the standard 

GWR technique. 

III. Develop algorithms and tools to apply flexible distance metrics in GWR. 

In terms of these research objects, the following experimental tasks are planned for this thesis: 

I. Study and apply GWR technique to two sample data sets from the Nationwide 

Building Society mortgage data using the hedonic house price modelling method. 

II. Incorporate network distance and travel time into the calibration stage of the GWR 

models with using house price data sets for London and the West Midlands. 

III. Develop a methodology for selecting the optimum distance metric for any given 

GWR model, and validate it with case studies from the London house price data. 

IV. Develop an R package named fdgwr to apply GWR with flexible distance metrics. 

1.3 Thesis structure 

Based on the research objectives and experimental goals, the rest of this thesis is organised 

into seven chapters. The general assignment of these chapters is as follows: the theoretical 

foundations of GWR and distance metrics in geographical space are reviewed in chapters 2 

and 3; chapter 4 analyzes the study data sets with the standard GWR technique; 

methodologies for implementing non-Euclidean distance metrics in GWR are studied in 

chapters 5 and 6, specific non-Euclidean distance metrics are used in chapter 5, while the 

method of selecting a distance metric is proposed in chapter 6; chapter 7 introduces the tools 

programmed for this research; chapter 8 ends the thesis with a summary. Their main contents 

can be summarized as follows: 
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 Chapter 2 explores the theoretical basis of GWR for the thesis. In this chapter, the 

theoretical framework of GWR is introduced, including the basic concepts and 

methods, auxiliary theories and extensions of basic GWR; the applications of the 

GWR technique are reviewed; issues and critiques on GWR are addressed; finally the 

potential prospects of using non-Euclidean distance metrics in GWR are anticipated. 

 Chapter 3 investigates distance metrics in GIScience and spatial analysis. In this 

chapter, the general concepts and axioms of distance are elaborated in the domain of 

mathematics; then the notion of geographical space and relative geospatial distance 

metrics are presented in the domain of GIScience. Based on these concepts, case 

studies of spatial modelling and analysis using non-Euclidean distance metrics are 

reviewed, particularly in the field of geostatistics. 

 Chapter 4 introduces the two experimental data sets and enumerates the chosen 

variables employed in regression modelling. In the first section of this chapter, the 

methods to model the housing market are reviewed, specifically the hedonic house 

price modelling method. In the next section, two data sets are extracted from the 

Nationwide Building Society mortgage data within London and the West Midlands 

County (WMC) for the subsequent experiments. According to the hedonic house price 

modelling method, a set of determinants is decomposed to explain house price and 

then used for regression modelling, which is respectively calibrated by ordinary linear 

regression (OLR) and GWR.  

 In chapter 5, network distance (ND) and travel time (TT) are implemented in 

calibrating GWR models. The London and WMC house price data are used for case 

studies, in which both ND and TT are tested with the London data while only ND is 

tried for the WMC data. Approaches to using a non-Euclidean distance metric 

(specifically ND and TT) in GWR are introduced, where a stepwise-like AICc method 
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is proposed for thoroughly investigating the performance differences between 

Euclidean distance and non-Euclidean distance. Generalized conclusions are made 

from the experimental results and guidelines to the use of a non-Euclidean distance 

metric in GWR are proposed. 

 Chapter 6 presents the Minkowski approach to selecting the optimum distance metric 

for a given GWR model. This approach is validated with the London house price data 

by examining two different models respectively using fixed and adaptive spatial 

kernels. The results display the feasibility and potential of this approach to improve 

the performance of a GWR model, especially in fitting accuracy. In particular, it 

promises good abilities in approximating the underlying “optimal” distance metric of 

a given model, such as travel time. This enables this method to be applicable in a 

broad range of studies. 

 Chapter 7 introduces the R package fdgwr, which is developed to calibrate a GWR 

model using a flexible distance metric. It is developed in the R software environment 

building on the packages sp (Pebesma and Bivand, 2005a) and maptools (Lewin-Koh 

and Bivand, 2011a). In particular, part of the package is extended from the functions 

in the package spgwr (Bivand and Yu, 2006). In this chapter, the development and 

user’s manual of the package fdgwr are outlined, which forms the experimental basis 

in terms of tools for the thesis. 

 Chapter 8 summarizes the thesis. The research achievements are reviewed and the 

implications of the results are discussed. Potential areas for future study are identified 

in the light of observations from a study of the literature. Final remarks are made to 

show the specific contributions of this research. 
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1.4 Summary 

The concept of distance metric is one of the fundamental elements of the world, and is a 

concept that can be broadly defined in geographical space. GWR is a local technique to 

explore spatial non-stationarities with a given multivariate data set. However, the traditional 

GWR technique generally takes the Euclidean distance as default for its calibration. This is 

inconsistent with the diverse cases of distance metrics in practice. For this reason, the 

research topic, “implementing non-Euclidean distance metrics in GWR” is proposed, and 

around this proposition the thesis is achieved. 
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Chapter 2  Geographically Weighted Regression 
 

In the early development of spatial analytical techniques in quantitative geography, invariably 

the techniques were applied at a ‘global’ level, where relationships were assumed to be 

constant across the study region (Fotheringham and Brunsdon, 1999). However, the existence 

of spatial non-stationarity that appears in reality as uncontrolled spatial variability, challenges 

these global methods. This concept can be considered to be a particular form of the second 

law of Geography in the principle of spatial heterogeneity or non-stationarity (Goodchild, 

2004).  

In recent years, there has been an increasing interest in local multivariate methods for spatial 

data analysis that produce local results instead of ‘one-size-fits-all’ results from traditional 

global methods (Fotheringham and Brunsdon, 1999; Páez, 2005). This evolution is well 

reflected in the development of a particular class of spatial regression methods, where a 

number of local regression techniques have been introduced which estimate relationships that 

vary across space (Gamerman et al., 2003). The expansion method (Casetti, 1972) regards the 

coefficients in a regression model to be drifting over space. Multilevel modelling (Jones, 

1991; Duncan and Jones, 2000) attempts to separately model attributes and spatial 

characteristics individually within a pre-defined discrete set of spatial units at each level of 

the hierarchy, and can be extended to explore the spatially varying parameter processes in 

regression models (e.g. Gelfand et al., 2007). Random coefficient modelling (Rao, 1965; 

Swamy et al., 1988a; Swamy et al., 1988b) assumes the parameters of a regression model to 

vary stochastically following some random distribution, and can be applied by concerning 

varying effects in spatial fields to provide spatially varying estimates (e.g. Waller et al., 2007). 

Local weighted regression (Cleveland, 1979; Cleveland and Devlin, 1988) fits a function of 
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the independent variables locally and estimates local regression surfaces through a moving 

average smoothing technique, and its main concern is around attribute. The Bayesian space 

varying parameter model (Assunção, 2003) has been proposed to estimate spatially varying 

parameters of generalized linear models for modelling spatial dependence with a Markov 

random field.  

As a natural evolution of the expansion method, Geographically Weighted Regression (GWR) 

(Brunsdon et al., 1996; Fotheringham et al., 1996; Brunsdon et al., 1998) has been developed 

to estimate a location-specific set of coefficients, and compared with the expansion method it 

is sufficiently flexible to reproduce the type of geographically varying map patterns (Páez, 

2005). This chapter introduces the basic theories of GWR and reviews the associated 

literature. The structure is as follows: firstly the basic methods of GWR are described; 

secondly the support theories for the GWR technique are presented; thirdly the extensions of 

GWR are introduced; fourthly the applications of GWR are reviewed; fifthly the issues and 

critiques on GWR are addressed; sixthly the potential prospects of using non-Euclidean 

distance metrics in GWR are anticipated; finally this chapter is summarized. 

2.1 Basics of GWR 

GWR is proposed as a local modelling technique to estimate regression models with spatially 

varying relationships. Compared with a basic linear regression model, the coefficients in a 

GWR model are functions of spatial locations, attached to the spatial coordinates of the 

locations. Fotheringham et al. (1998; 2002) give a general form of basic GWR models at each 

regression point: 

y , ,
 

(2.1)      
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where y  is the dependent variable at location i,  is the value of the kth explanatory 

variable at location i, m is the number of explanatory variables, ,
 
is the intercept 

parameter at location i, ,  is the local regression coefficient for the kth explanatory 

variable at location i, ,  are the coordinate of location i, and  is the random error at 

location i.  

Theoretically, GWR allows coefficients to vary continuously over the study area, and a set of 

coefficients can be estimated at any location. In practice, the coefficients are usually 

calibrated at pre-sampled regression points. In a way coinciding with Tobler’s first law of 

geography (Tobler, 1970), GWR makes a point-wise calibration concerning a ‘bump of 

influence’: around each regression point nearer observations have more influence in 

estimating the local set of coefficients than observations farther away (Fotheringham et al., 

1998). In essence, GWR measures the inherent relationships around each regression point i 

with fitting each set of regression coefficients by weighted least squares. The matrix 

expression for its calibration is shown as formula (2.2). 

, , , (2.2)

where X is the matrix of the explanatory variables with a column of 1s for the intercept, y is 

the vector of the dependent variable, , , , , ,  is the vector of 

1  local regression coefficients, ,  is the diagonal matrix denoting the 

geographical weighting of each observed data for regression point i, which is defined as: 

0
0 0

0

0 0

  (2.3)

Here, the weighting scheme ,  is calculated with a kernel function based on the 

proximities between regression point i and the n data points around it. However, there is not 
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an explicit weighting scheme being stated. In general, it is defined as a distance-decay 

function, which is continuous, real, and bounded from 0 to 1 (Cameron and Trivedi, 2005; 

Cho et al., 2010). A number of known functions have been devised for the weighting scheme, 

e.g. Gaussian (eq. (2.4)), Bi-square (eq. (2.5)) and Tricube (eq. (2.6)) (Brunsdon et al., 1996; 

Fotheringham et al., 1998; Yrigoyen et al., 2007). 

Gaussian: exp   (2.4)

Bi-square: 1

0, otherwise
, if   (2.5)

Tricube: 1

0, otherwise
, if   (2.6)

 

In the above formulae, dij is the distance between observation point j and regression point i, 

for which the Euclidean distance, i.e. straight line distance, is generally employed with planar 

coordinates, while the great circle distance, also known as flying distance, is used with 

spherical geometries; b is the distance-decay parameter, termed the bandwidth. Given these 

options, one must choose a type of kernel function before calibrating a GWR model. Among 

all these available functions, the Gaussian kernel is the most commonly used and generally 

taken as the default1. 

If the bandwidth b is constant over the study area, this type of spatial kernel is called “fixed 

spatial kernel” in terms of its shape and magnitude. In contrast, an alternative is an “adaptive 

spatial kernel” where b is allowed to vary spatially (Fotheringham et al., 2002). In practice, 

an Nth nearest neighbour-based method is applied to produce spatially varying kernels, where 

                                                            
1 In the early implements of the GWR technique, the bi-square kernel function is used as default, like in GWR 

2.0 and previous versions of spgwr. 
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b represents the distance from regression point i to the 1 th nearest neighbour, and is 

variable at different regression points, of which the varying degree is up to the sampling 

configurations of observations and regression points. The estimated parameters of a GWR 

model are partly dependent on the selection of weighting function or kernel type, and the 

calculation of the optimum bandwidth will be elaborated on in section 2.2.1.  

There is an initial consideration on the notion of the ‘circle of inclusion’ in the GWR 

technique (Brunsdon et al., 1998), which is directly reflected by adopting Euclidean distance 

as the default distance metric. However, the Euclidean distance may not always be the most 

appropriate choice for proximity measurement in geographic space. Employing an alternative 

distance metric will be a challenge, and this research will explore several of these alternatives. 

2.2 Methodological Support for GWR 

2.2.1 Calibrating the spatial weighting function 

The chosen spatial kernel function directly affects the calibration of a GWR model. Currently, 

selecting an optimum bandwidth (b) is either by a fixed distance or by a fixed number of 

nearest neighbours in adaptive specifications (Wheeler and Páez, 2010). If the bandwidth b is 

large, the bias of coefficient estimates would tend to be large, while the variance could 

become large if a small b is employed. This issue is known as bias-variance trade off (Hoerl 

and Kennard, 1970), and it is the central consideration for finding an optimum b. In practice, 

a general approach is to determine the optimum bandwidth by optimizing a diagnostic 

statistic (Loader, 1999), such as cross-validation (CV) score, Akaike Information Criterion 

(AIC), or log-likelihood. 

The CV approach (Cleveland, 1979; Bowman, 1984) is a common solution, and its score is 

computed in a formula as: 
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  (2.7)

where  is the fitted value of  with data from point i omitted from the calibration. The 

optimal bandwidth is found by minimising the CV value from the above formula. However, 

Farber and Páez (2007) indicated that this score could be potentially influenced by a small 

number of influential observations, which might be deleterious for returning the optimum 

bandwidth. Based on this consideration, they decomposed the single CV score to a CV matrix, 

which is a two dimensional structure with rows corresponding to observations in the given 

dataset and columns corresponding to feasible bandwidths. They then proposed two modified 

CV approaches, row-standardization and row-normalization, which can be significantly 

reduce the amount of influence from any single point. 

  (2.8)

SD⁄   (2.9)

where cvij is the cell of the CV matrix.
 

The AIC (Akaike, 1973) is derived from the Kullback-Liebler information distance (KLID) 

(Kullback and Leibler, 1951) between two statistical distributions (Brunsdon et al., 2000), 

and its minimisation provides a trade-off between goodness-of-fit and degrees of freedom 

(Fotheringham et al., 2002). In practice, a corrected version of the AIC is often derived and 

for a bandwidth b its expression (Hurvich et al., 1998) is shown as: 

2 ln ln 2
tr S

2 tr S
  (2.10)

where n is the sample size, ̂ is the estimated standard deviation of the error term, and tr  

denotes the trace of the hat matrix S. In statistics, the hat matrix is known as the projection 



14 

 

matrix from the observed y to the fitted values y


 (Hoaglin and Welsch, 1978), and in 

connection with the GWR technique each row ir could be expressed as: 

,
1

,   (2.11)

where Xi is its ith row of the matrix of explanatory variables X; ,  is a diagonal matrix 

denoting the geographical weighting of each observed data for regression point i. 

Páez et al. (2002a) proposed an approach to estimate location-specific kernel bandwidths by 

maximizing the local likelihood for each regression point. The local log-likelihood function 

can be formulised as: 

2
ln

1
, ,

1
2

  (2.12)

where bi is the bandwidth for regression location i. 

Furthermore, Cho et al. (2010) made bandwidth selection in accordance with the smallest 

spatial error LM test statistic, which is helpful for minimizing the spatial error autocorrelation 

(Cho et al., 2009). 

2.2.2 Local Summary Statistics 

In parallel with the GWR technique, descriptive statistics can also be localised. For any 

dimension of the observations x, instead of a univariate distribution its probability 

distribution is considered as a triple-variable function on itself and locations (u,v). A general 

estimate of this density f(u,v,x) is defined by Brunsdon et al. (2002): 

, ,
1

, ,   (2.13)
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where K(u,v,x) is a probability density function with mean 0 and variance 1, and bu, bv , bx 

could also be interpreted as bandwidths.  

 In practice, the basic localized summary statistics are always computed at each summary 

point i,  ,i iu v , in a discrete way, and the K(u,v,x) is specified as a weighting scheme. The 

discrete forms of the above expressions can be redefined as: 

Mean: ,
∑

∑
 

(2.14)

Standard deviation: SD u , v
∑ ,

∑
 (2.15)

Skewness: ,
∑ ,

,
 (2.16)

Fotheringham et al. (2002) defined the localized coefficient of variation (LCV) to present the 

degree of variability with a percentage, which can be formulised as 

LCV , SD , ,⁄   (2.17)

Furthermore, the localized correlation coefficient is defined by Fotheringham et al. (2002) to 

measure the location-specific degree of association between a pair of continuous variables, 

say , . This term can be defined as: 

, ,
Cov , ,

SD , · SDy ,
  (2.18)

where the Cov , ,  is the localised covariance between x and y, and as shown in eq. 

(2.19). 

Cov , ,
∑

∑
  (2.19)
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Practically, the sum of s for each summary location i is usually scaled to unity, i.e. the 

term ∑  in the above formulas can be simplified by substituting ∑ 1. 

The local version of summary statistics yields a notable advantage in its mappable property 

compared with the whole-map statistics (Openshaw, 1991). Together with the GWR 

technique, it leads to a basic framework to deal with spatial non-stationarity in exploratory 

spatial data analysis (ESDA). 

2.2.3 GWR Diagnostics  

The GWR technique is a much more complicated entity than a global technique, such as 

ordinary linear regression (OLR). Thus we need to evaluate the necessity and feasibility of 

deriving GWR instead of a global regression before using it. For this purpose, classical 

statistical inferences (Brunsdon et al., 1999; Leung et al., 2000b; Fotheringham et al., 2002; 

Páez et al., 2002a) and diagnostic statistics (Brunsdon et al., 2000; Fotheringham et al., 2002) 

have been used as a guide for the appropriateness of applying GWR o a given problem . 

2.2.3.1 Statistical test for spatial non-stationarity 

There are two obvious questions to be answered: Does a GWR model fit a given data set 

significantly better than an OLR model? Do the relationships explored by GWR vary 

significantly over a study area? Several solutions have been developed to respond to these 

questions (Brunsdon et al., 1998; Leung et al., 2000b; Fotheringham et al., 2002; Páez, 2002). 

Statistical hypothesis testing is a method to work out how likely the observed results lead to 

the rejection of a pre-defined null hypothesis. For GWR, it is commonly used for testing 

whether the result from a GWR model is significantly better than an OLR model. Leung et al. 

(2000b) proposed two types of F test, for which two conditions are assumed: a) all the error 
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terms identically follow a normal distribution with zero mean and constant variance σ2; b) all 

the fitted values are unbiased. In this case, the null hypothesis is set as 

H0: there is no significant difference between OLR and GWR models for the given 
data set  

and two alternative statistics are proposed to be calculated from the results of GWR and OLR, 

of which the expressions are shown in eq. (2.20) and eq. (2.21). 

⁄

1⁄
~ , 1   (2.20)

⁄

1⁄
~ , 1   (2.21)

In the above equations, RSSg (eq. (2.22)) is the residual sum of squares of the GWR model, 

RSSo (eq. (2.23)) is the residual sum of squares of the OLR model, n is the number of 

observations, p is the number of independent variables.  

  (2.22)

  (2.23)

tr , 1,2  (2.24)

1   (2.25)

1 2   (2.26)

If the statistic F1 is approximately 1, the null hypothesis will be true; otherwise, a small value 

will support the alternative hypothesis that the GWR model has a better goodness-of-fit. In 

contrast, a small value of F2 will support the null hypothesis. 
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Leung et al. (2000b) also shows that the spatial variation of each set of coefficients in a GWR 

model can also be validated by an F test. With a null hypothesis, H0: parameter βk is constant 

over the study region, a statistic is measured:  

⁄
~ ,   (2.27)

where the symbols are as in the above expressions, and the remainders are formularized as: 

1 1
  (2.28)

tr
1

1
1

, 1,2  (2.29)

1 1
2 2

 
(2.30)

where J is an n×n matrix with unity for each element, and ek is a column vector with unity for 

the 1 th element and zero for the others. In this test, a large value of F3 will support the 

alternative hypothesis. 

Similarly, a Monte Carlo approach was also adopted for significance testing for the 

variability of individual parameters (Brunsdon et al., 1996; Fotheringham et al., 2002). The 

procedures can be organised as follows: 

Step 1. Set the number of simulation runs, m. 

Step 2. Randomly permute the geographical coordinates of observations2, recalibrate 

the model and compute the variance of each regression coefficient, say, 

                                                            
2 Note that the independent variables are not permuted against the dependent variable. 
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  (2.31)

  (2.32)

Step 3. Repeat Step 2 m times, and sort , , …,  in increasing 

order, then the p-value for this test can be calculated by 

1
Rank

1
  (2.33)

where  is the variance computed without coordinates permutation (i.e. the true 

observed variance), n is the number of regression points. 

This approach is more easily followed, yet it is computationally intensive. 

2.2.3.2 Diagnostic statistics for GWR 

When applying GWR on a given dataset, a collection of diagnostic statistics is usually 

computed to give measures on the goodness of fit, and performance of the specified model. 

This section introduces the more commonly used diagnostic statistics in GWR applications. 

First define the residual, e, as 

  (2.34)

which can be calculated by eq. 2.34, is a basic statistic for evaluating a regression model, 

especially playing a central role in detecting outliers. For the purpose of identifying outliers, 

Fotheringham et al. (2002) made two further refinements, respectively termed internally 

Studentised residual and externally Studentised residual, which are redefined as 
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 (2.35)

(2.36)

∑

2tr tr
(2.37)

where  is estimated from equation (2.37), and  is the term with the ith observation 

omitted,  is the ith element of the leading diagonal elements of matrix . 

As a quantitative indicator of the explanatory performance of a regression model, the R 

squared is calculated to measure the percentage of explained variance. The standard version 

of R squared score is given in eq. (2.38). Alternatively, an adjusted version can be used, and 

with respect to the GWR technique it can be expressed in eq. (2.39). 

∑
∑ ∑ (2.38)

1 1
1

2tr tr 1 (2.39)

Furthermore, a local version of the R squared score is defined in a point-wise context, which 

gives a ‘feel’ that how well a GWR model could replicate the data recorded in the vicinity of 

each regression point i. Equation (2.40) gives its calculation: 

∑ ∑
∑

(2.40)

Another commonly used diagnostic statistic to evaluate the performance of a GWR model is 

the value of AIC, which represents how close a proposed model is from the unknown “true” 

model. It measures not only the goodness of fit, but also takes model complexity into account. 

The corrected version of AIC is given in eq. (2.10). With concern for computation efficiency, 

an approximated form of AIC is defined as: 
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2 log log 2 tr (2.41)

2.2.3.3 Multiple dependent hypothesis tests in GWR 

In GWR results, t statistics at each individual regression point are usually produced together 

with the location specific parameter estimates. For each estimate of regression coefficient at 

location i, , , the t statistic can be calculated by the following formula: 

,

SE ,
(2.42)

where SE ,  is the standard error of  , . For each location-specific calibration, 

the standard errors are obtained from: 

SE (2.43)

where 

, , (2.44)

However, the GWR procedure yields separate models for each individual regression location 

with all the models calibrated with the same observations but different weighting schemes 

(Byrne et al., 2009). In this situation, if we want to use the t-statistics, the huge number of 

simultaneous hypothesis tests might result in high order multiple inference problems. The 

central issue is to control the multiplicity effect and increased type I error in multiple 

comparisons when testing simultaneously a family of hypotheses. There are several 

approaches to adjusting the p-values in multiple tests (e.g. Hochberg, 1988; Wright, 1992; 

Benjamini and Hochberg, 1995; Benjamini and Yekutieli, 2001). These approaches are now 

discussed : (i) Benjamini-Hochberg (Benjamini and Hochberg, 1995), (ii) Benjamini-

Yekutieli (Benjamini and Yekutieli, 2001) and (iii) Byrne-Fotheringham approaches (Byrne 

et al., 2009), where only approach (iii) is specially designed for using in GWR. 
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Benjamini and Hochberg (1995) proposed the term false discovery rate (FDR), which is the 

expected proportion of errors among the rejected hypotheses. Let , , ,  be the m 

test hypotheses, and , , ,  be the corresponding p-values. To control the FDR at 

level q, the Benjamini-Hochberg procedure can be denoted as follows: 

Let   be the ordered observed p-values, and k be the largest i 

for which ; then reject all , 1, 2, , . 

Hochberg (1988) constructed a procedure to control the family-wise error rate (FWER), i.e. 

the probability of erroneously rejecting one or more true null hypotheses in the family of 

multiple hypothesis tests. The procedure has the same stepwise-like structure as the above 

one, but each  is compared to , where  is the control level of FWER and 

generally taken as 0.05. 

Benjamini and Yekutieli (2001) concerned with the property of positive regression 

dependency structure for the subsets of the true null hypotheses. Assume that there are  

true null hypotheses, the identity and number of which are unknown. Then the FDR is 

controlled at level less than or equal to  by conducting the following procedure: 

Redefine 

:
1

 
(2.45)

and then reject all , 1, 2, , . 

Specifically for the t tests in GWR, the Byrne-Fotheringham approach is proposed by Byrne 

et al. (2009). It is a Bonferroni style adjustment. Let the FWER be denoted by . Then the 
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FWER for testing hypotheses on GWR parameter estimates is controlled at  or less by 

selecting p-values from individual t tests with the adjusted error rate , 

1  
(2.46)

where 2tr tr  is the effective number of parameters, p is the number of 

parameters in the model and n is the number of regression locations. Then reject all the 

hypotheses where p-values are less than or equal to . Generally, the FWER is controlled at 

0.05, so it is in this thesis. 

2.2.4 Visualization of GWR results 

Compared with global techniques, GWR has a particular advantage in producing mappable 

results (Páez, 2005) to express local variations in a geographical phenomena (Fotheringham, 

1997). Accordingly, visualization plays a central position in using the GWR technique. 

Mennis (2006) reviewed the approaches to mapping the results of GWR, and proposed 

several improvements. He took account of four issues which obscured the GWR results: the 

distribution of parameter estimates, data classification, choice of colour scheme and the sheer 

number of individual maps required. On this basis, he illustrated an improved approach with 

a case study, with the idea of making combined visualizations between the estimated 

parameters and associated t-values. 

Demšar et al. (2007) proposed a geovisual exploratory post-analysis scheme in an automatic-

visual data exploratory environment. The environment is built on GeoVISTA (Takatsuka and 

Gahegan, 2002), and consists of a Self-Organising Map, two parallel coordinates plots, a 

multiform bivariate matrix with scatter plots, spaceFill visualizations and histograms and a 

bivariate geoMap (Demšar, 2007). In this context, the GWR estimates are treated as a 
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multivariate dataset. Geovisual Analytics has also been used to investigate the spatiotemporal 

variations in house price determinants across London from 1980 to 1998 (Demšar et al., 

2008). This scheme is very clear and intensive in visualizing the GWR outputs, especially for 

comparing the estimates of multiple variables.  

The target of this thesis is to adopt an optimum distance metric instead of always taking 

Euclidean distance for calibrating a GWR model. The challenge is then how to demonstrate 

the impacts of a different distance metrics through in visualization. Little has been done to 

address this concern, and this will be a new challenge to visualize the GWR outputs in this 

thesis. 

2.3 Extensions of GWR 

As GWR has become more widely used, the basic GWR technique has been extended or 

enhanced in several different ways. These extensions will be explored in the sections below, 

in which three extensions are particularly related to the adaptation with non-Euclidean 

distance metrics. 

2.3.1 Mixed GWR 

In a GWR model, different coefficients might have different degrees of variation over the 

study area, and some coefficients may not significantly vary over the study area. For this 

consideration, mixed GWR is introduced (Brunsdon et al., 1999; Fotheringham et al., 2002). 

It treats a regression model considering some coefficients as global, and the rest as local. Its 

general form can be written as: 

,   (2.47)
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where for observation i, yi is the dependent variable, , ,  are the ka global coefficients, 

, , , ,  are the kb local coefficients, , ,  are the independent 

variables associated with global coefficients and , ,  are the independent 

variables associated with local coefficients. In a vector-matrix notation, eq. (2.47) can be 

rewritten as 

(2.48)

where y is the vector of dependent variables, Xa is the matrix of global variables, a is the 

vector of ka global coefficients, Xb is the matrix of local variables, b is the matrix of location 

specific coefficients. To calibrate this model, Brunsdon et al. (1999) adopted a back-fitting 

approach (Hastie and Tibshirani, 1986). If we define the hat matrix for the OLS part of the 

model as Sa and that for the GWR part as Sb, then the equation (2.47) could be rewritten as 

(2.49)

where the two components, ay


 and by


, could be expressed as 

(2.50)

 (2.51)

and the calibration procedure is described in the six steps below: 

Step 1. Supply an initial value for , say , practically by regressing Xa on y using 

OLS. 

Step 2.  Set 1. 

Step 3. Set . 

Step 4. Set . 
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Step 5. Set 1. 

Step 6. Return to Step 3 unless  converges to . 

Alternatively, Fotheringham et al. (2002) used a method from Speckman (1988), which is 

said to be less computationally intensive than the above. This procedure is as follows: 

Step 1. For each column of Xa: 

I). Regress the column against Xb by basic GWR. 

II). Compute the residuals from the above regression. 

Step 2. Regress y against Xb using basic GWR. 

Step 3. Compute the residuals from the above regression. 

Step 4. Regress the y-residuals against the Xa-residuals using OLS, and this gives the     

estimate a


 of a. 

Step 5. Subtract  from y. Regress this against Xb using basic GWR to obtain the 

estimate b


 of b.  

However, whether a relationship should be fixed globally or allowed to vary locally is still 

open to question. Fotheringham et al. (2005) proposed a stepwise-like procedure for model 

specification, in which all possible combinations of stationary and spatially varying 

parameters are tested, and choose the optimal model from the minimised AIC value. In line 

with this idea, “GtoF” (‘geographically’ to ‘fixed’) and “FtoG” variable selections are 

designed for model specification in GWR 4.0 (Nakaya et al., 2009a). The procedure of “GtoF” 

routine can be outlined as follows: 

Step 1. Initialize a model by allowing all the unspecified variables to be 

geographically varying, and calibrate it. 
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Step 2. Switch a varying term to be fixed, and compare its calibration with the 

originally fitted models. If it outperforms the original models, then keep the term to be 

fixed; otherwise switch it back. 

Step 3. Repeat Step 2 until there is no candidate to be switched or no improvement is 

attained by any term switching. 

“FtoG” variable selection is a reverse process of “GtoF” variable selection, in which variables 

are transformed from fixed to varying terms. 

2.3.2 Geographically and Temporally Weighted Regression  

As a fascinating dimension of human existence, time has been getting increasing attention in 

the field of Geographic Information Science (Thomas and Frank, 2001). By incorporating 

time into the GWR technique, Geographically and Temporally Weighted Regression (GTWR) 

has been proposed by Crespo (2009) and Huang et al. (2010) respectively.  

Crespo (2009) proposed a spatiotemporal version of GWR by calculating weights with a 

spatiotemporal kernel function. In his work, the spatial distance and temporal separation are 

calculated separately, which is for solving the integrated spatiotemporal weights with a 

spatiotemporal kernel function. Conceptually, a general spatiotemporal kernel function could 

be formularized as 

, , (2.52)

where  is the weight for a specific regression time t between a regression point i and 

data point j, KS is a spatial kernel function, KT is a temporal kernel function,  is the 

Euclidean distance between the regression point i and the data point j,  is the separation in 

time between them, bS is the spatial bandwidth and bT is the temporal bandwidth. 
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As for the spatial bandwidth, three scenarios are discussed where the spatial bandwidth is 

assumed to be constant, decreasing or increasing over time. Both spatial and temporal 

bandwidths can be calibrated by the approaches in the standard GWR technique. With a 

spatiotemporal version of the diagonal weight matrix, the GTWR model can be solved by 

substituting the weight matrix into eq. (2.2). 

Huang et al. (2010) gives a general form of GTWR, which is expressed as 

y , , , , (2.53)

where the estimates of coefficients are provided for each spatiotemporal location i. Its 

calibration also follows the weighted least square (WLS) with a refined expression as 

, , , , , , (2.54)

In this case, the spatiotemporal distance is calculated under an ellipsoidal coordinate system, 

say, 

(2.55)

where λ and µ are scale factors to balance the measures of spatial and temporal distance.  

If the Gaussian kernel function is used, the weighting scheme can be designed as 

exp (2.56)

where hST is the spatiotemporal bandwidth. 

Crespo’s method (2009) incorporates the spatial and temporal weighting scheme together, 

and has been confirmed by the better performances in both model estimates and forecasts. 
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However, it assumes that the spatial and temporal distance decaying effects are statistically 

independent with each other, which needs to be studied in depth. In addition, the procedure to 

derive the optimal spatial and temporal bandwidths is complicated and inefficient. In 

comparison, Huang’s (2010) approach seems to be much more usable. However, how to 

balance the spatial and temporal distance measures is still a challenge to be faced in this 

technique, i.e. the proper selection of λ and µ. 

2.3.3 GWR used as a spatial predictor  

The GWR technique has been increasingly used as a spatial predictor recently (e.g. Bitter et 

al., 2007; Páez et al., 2008; Lloyd, 2010; Harris and Juggins, 2011). Páez et al. (2008) 

addressed that GWR provided more accurate predictions than Moving Window Kriging 

(MWK) in a case study with Toronto house price data. Harris comprehensively reported the 

GWR as an outperforming approach for spatial prediction in his papers (see Harris et al., 

2010a; Harris et al., 2011; Harris and Juggins, 2011). 

With reference to Harris’s work (Harris et al., 2010a; Harris et al., 2011), a general form of 

GWR as a spatial predictor can be expressed as: 

̂ , , (2.57)

where ̂ ,  is the predicted value at location , ,  is the 1 1 explanatory 

variables vector and ,  is the 1 1  estimated coefficients vector, which is 

calculated by formula (2.2).  

Harris et al. (2010a) introduced two approaches to choosing an optimum bandwidth for 

making GWR predictions, i.e. cross validation with root mean squared error (CVRMSE) and 
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AIC approach. For CVRMSE, the root mean squared error (RMSE) is calculated at each 

cross validation point, as 

̂ 1⁄   (2.58)

where  iz b


is the GWR prediction at sample point i when iz is omitted, and m is the number 

of samples. The calculation of AIC is as shown in eq. (2.10), and bandwidth which 

corresponds to the smallest AIC score is considered as the optimum. 

The variance of GWR prediction at location i is estimated by the following equation: 

Var ̂ (2.59)

where  is expressed as 

(2.60)

Harris et al. (2011) made the comparisons between GWR and Kriging with an external drift 

(KED), which is recognised as a best linear unbiased predictor. They stated that GWR could 

be considered a special case of KED in local neighbourhoods (KED-LN) only “when GWR is 

specified with a box car kernel3 and KED-LN is specified with a nugget variogram (provided 

the same bandwidth/neighbourhood is specified)” (Harris et al., 2011, p. 126). However, 

GWR is not restricted with a box-car form kernel as used in KED or KED-LN, and several 

types of continuous distance-decay kernels are available, as introduced in part 2.1. In this 

sense, GWR is more flexible and robust as a spatial predictor, “particularly pertinent when 

covariates are not continuous and/or locally collinear” (Harris et al., 2011, p.127). 

                                                            
3 Box-car kernel: 

1       
0  otherwise

, where b is the bandwidth. 
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2.3.4 Further extensions 

A number of other GWR extensions have also been developed in the last decade. LeSage (2002) 

proposed a Bayesian approach to GWR (BGWR) based on modelling the heteroskedsatic error 

variance; Páez et al. (2002a; 2002b) suggested a general parametric framework for estimating GWR 

models and modelling spatial association; Atkinson et al. (2003) modified the basic GWR model into 

a form of geographically weighted logistic regression; Gelfand et al. (2003) proposed approaches to 

modelling spatial processes with spatially varying coefficients, including the basic form in the context 

of Gaussian responses, and extensions to generalized linear models and spatio-temporal data models; 

Nakaya et al. (2005) introduced geographically weighted Poisson regression (GWPR) to estimate 

spatially varying Poisson regression parameters; Wang et al. (2008a) proposed a local linear-based 

GWR with locally expanding coefficients as linear functions of spatial coordinates; Harris et al. 

(2010b) developed a new version of robust GWR resistant to outliers in the model calibrations; Harris 

et al. (2010c) used Grid-based GWR to improve its computational efficiency by employing parallel 

computing techniques. 

2.4 Applications of GWR 

2.4.1 Software for GWR 

Currently there are several sets of software available for GWR applications. This part will 

briefly introduce them. 

As the earliest implementation of the GWR technique, GWR was developed by Charlton, 

Brunsdon and Fotheringham in the FORTRAN language. The release of version 3.0 has been 

widely used. It is a user-friendly with a Windows-based front-end. In practice, it has an 

outstanding performance in computational efficiency. Notably, the spherical distance, i.e. the 

great circle distance, is applied for spherical coordinates, which forms a good example in 

terms of my research. The latest version, GWR 4.0, has been released under a MS-Windows 
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environment with .Net Framework 3.5. The user interface is largely rebuilt to use tabbed sub-

windows so that a modelling session intuitively proceeds in a step-by-step manner. The main 

feature of this software is the ability to calibrate mixed or semi-parametric GWR models. 

Moreover, options related to geographically weighted generalised linear modelling 

(GWGLM), such as geographically variability assessment and automated variable selection 

routines, are also included (Nakaya et al., 2009b). 

Within ArcGIS (ESRI, 2009), a GWR tool is integrated into the Spatial Statistics Toolbox. It 

is popular due to the universality of ArcGIS, and has the advantage of convenience in 

visualization. 

An R package, spgwr (Bivand and Yu, 2006), is also widely used due to its free access. It 

provides all the necessary functions of applying GWR, and especially it provides the 

computations of Leung’s related significance tests, statistics (Leung et al., 2000b), spatial 

autocorrelation tests (Leung et al., 2000a) and the localised summary statistics introduced in 

part 2.2.2. Furthermore, as open source software it is easy to make extensions based on the 

source code. 

Recently, another R package named gwrr is also developed by Wheeler (2011). It provides 

collinearity diagnostic tools for GWR models, including variance-decomposition proportions 

and condition indexes. However, it doesn’t provide as plenty choices as spgwr in applying 

the GWR techniques. 

GWR is also available in TerraSeer space-time information system (STIS) (Arbor, 2010). In 

this system, a unified framework including both geographical weighting and an extra non-

geographically weighted dataset is designed. Its implementations are mainly centralized in 

the public health and environmental science fields. 
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2.4.2 GWR applications 

 

Figure 2-1 GWR applications in the last decade 

Since its emergence, GWR has been broadly applied in various disciplines, including 

quantitative geography, regional economics, urban and regional analysis, sociology, ecology 

and environmental science. As presented in figure 2-1, there have been around 84 papers that 

applied GWR technique, and the yearly numbers of GWR applications have shown a general 

increasing trend in the last decade4. Especially in 2009 and 2010, the number of applications 

has been doubled with a growth by 43.  

                                                            
4 The count of papers in 2011 is not considered here, though it appears in figure 2-2. 
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Figure 2-2 Relationship graph of authors who applied GWR technique5 

Figure 2-2 shows a relationship graph of the part contributors to the GWR applications. In 

this graph, each paper is represented by a structure that the first author is surrounded by the 

co-authors and connected by arrows, and the number of contributions is highlighted by the 

label font size. We can find that a large number of scholars have been involved in these 

studies. More precisely, 79 different scholars6 applied GWR in their studies within different 

domains.  

The above two diagrams clearly demonstrate that the GWR technique has been widely 

recognised as a powerful and preferable toolkit to explore spatial non-stationarity or 
                                                            
5 These papers are searched out mostly by using the keywords “Geographically weighted regression” that 

appears in the title or as a key word of a paper, so it is just a demonstration of my reviewed papers instead of a 

full collection of the applications related with GWR. 

6 Here only the first author of a paper is counted. 
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heterogeneity. To illustrate this point better, we will review these applications in accordance 

to different research domains. 

With the availability of spatial locations, the spatial heterogeneity and dependence of housing 

features have been widely studied (see a detailed review in chapter 4). For this purpose, 

GWR has been extensively applied in exploring the spatial non-stationarity underlying a 

housing market. The results show that GWR has a great advantage in identifying the spatially 

varying influences of considered features on housing prices compared with global regression 

techniques (e.g., Gao and Asami, 2005; Yu, 2007; Cho et al., 2009; Díaz-Garayúa, 2009; 

Vichiensan and Miyamoto, 2010). In contrast to the similar type of techniques, including the 

expansion method (Kestens et al., 2006; Bitter et al., 2007), moving window approaches 

(Páez et al., 2008) and spatial simultaneous autoregressive regression (Löchl and Axhausen, 

2010), GWR has shown a better performance in the goodness-of-fit and explanatory power. 

Those techniques could be applied as a supplement to GWR, especially in explaining the 

spatial correlation. Furthermore, extensions of GWR are developed in related studies: GWR 

and spatial autoregression are combined together to account for spatial heterogeneity and 

spatial autocorrelation simultaneously (Kim et al., 2010); as already discussed by 

incorporating the time dimension, the GTWR is adopted to investigate spatio-temporal 

variations (Crespo, 2009; Huang et al., 2010). 

Uneven economic development of regions is very common for most of the countries in the 

world. Therefore GWR has been widely employed to explore the regionally varying 

influences from economic, demographic, environmental or political factors (e.g. Huang and 

Leung, 2002; Bivand and Brunstad, 2003; Yu, 2006; Eckey et al., 2007; Yrigoyen et al., 2007; 

Zhuang, 2007; Öcal and Yildirim, 2010; Qi et al., 2010). Mostly caused by the regional 

imbalance of economic development, poverty emerges in various areas and of different 
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degrees. The local distribution of poverty has also been examined using the GWR technique 

(e.g. Benson et al., 2005a; Benson et al., 2005b; Kam et al., 2005; Belanger and Gauci, 2008). 

Interestingly, the relationships between green vegetation land cover and wealthy conditions 

are investigated by Ogneva-Himmelberger et al. (2009). As for the micro economic activities, 

they might be more complex and varied over spatial locations, and suitable for analysis with 

GWR (e.g. Mittal et al., 2004; Giaccaria and Frontuto, 2007; Ayadi and Amara, 2008; 

Partridge et al., 2008; Breitenecker and Harms, 2009; Guillain and Gallo, 2010; Li et al., 

2010). 

Currently, both economics and technologies are developing rapidly, which causes urban 

spatial structure changes day by day, especially in developing countries. The urban evolution 

has strongly local features, including demographic, economic, political and neighbourhood 

characteristics. This kind of relationship has been repeatedly modelled with the GWR 

technique (e.g. Kyratso and Yiorgos, 2004; Ali et al., 2007; Tanaka et al., 2008; Noresah and 

Ruslan, 2009). In addition, many researchers have studied land use change with GWR 

approaches (e.g. Giaccaria and Frontuto, 2007; Cho et al., 2009; Thapa and Murayama, 2009; 

Pineda Jaimes et al., 2010), specifically the geographically weighted logistic regression 

(GWLR) was designed and applied by Atkinson et al. (2003), Luo and Wei (2009) and Qi et 

al. (2010).  

In studies of social science, many social events are clustered or following spatially varying 

patterns over space, which forms an interesting topic to investigate these patterns. 

Accordingly, several researchers have applied GWR approaches to explore the spatial 

heterogeneity in this domain. For instance, crime events are studied with mixed GWR and 

GWPR (Cahill, 2005; Cahill and Mulligan, 2007; Waller et al., 2007; Lee et al., 2009), and 

voting behaviours are analyzed by using GWR (Calvo and Escolar, 2003; Kavanagh et al., 



37 

 

2006; Cho and Gimpel, 2009). In addition, demographical studies have been conducted with 

GWR techniques (e.g. Yu and Wu, 2004; Jordan, 2006; Fotheringham et al., 2010). 

Distributions of organisms on the earth can have the properties of spatial heterogeneity and 

dependence due to factors of climate, geology, topography and human activities. In this 

context, GWR has been frequently applied in relative ecological studies, including agriculture, 

forestry, fishery and species (e.g. Nelson, 2000; Wang et al., 2005; Propastin et al., 2006; 

Wang et al., 2008b; Zhang et al., 2008; Olgun and Erdogan, 2009; Svenning et al., 2009; 

Terribile and Diniz-Filho, 2009; Kong et al., 2010; Windle et al., 2010; Zhao et al., 2010).  

In transportation analysis, clusters of traffic collisions have been studied with GWR 

approaches to explore the relationships between the occurrence rates and associated factors, 

such as demographical conditions, layout of constructions and traffic volume (e.g. Erdogan, 

2009; Hadayeghi et al., 2010). Furthermore, the spatial heterogeneity of travelling patterns 

have been investigated by considering the local characteristics using GWR (e.g. Lloyd and 

Shuttleworth, 2005; Zhao et al., 2005; Blainey and Preston, 2010). 

In the domain of environmental science, the GWR technique has been broadly applied. These 

studies include landscape studies (e.g. Bevan and Conolly, 2009; Gao and Li, 2011), 

environmental monitoring (e.g. Kamarianakis et al., 2008; Erdogan, 2010; Li et al., 2010), 

precipitation (e.g. Brunsdon et al., 2001; Lloyd, 2010) and water quality (e.g. Harris et al., 

2010b; Harris and Juggins, 2011; Tu, 2011). Notably, Lloyd (2010) and Harris and Juggins 

(2011) used GWR as a spatial predictor, which has been introduced in part 2.3.3. 

The prevalence rate of a disease is not only related with the individuals’ health conditions, 

but sometimes also associated with some local features, including environment, household 

income or accessibility to hospitals. To reveal these kinds of local relationships, a number of 
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scholars have employed GWR in their research (e.g. Goovaerts, 2009; Mandal et al., 2009; 

Schuurman et al., 2009; Young et al., 2009; Nacul et al., 2010; Gilbert and Chakraborty, 

2011). Additionaly, Bagheri et al. (2009) explored the spatial variation between travel time to 

heath care services and urban deprivation scores within New Zealand. Moreover, the GWR 

technique has also been used in analyzing cases in education (e.g. Fotheringham et al., 2001) 

and archaeology (e.g. Löwenborg, 2010). 

As has been shown, there has been an increasing interest in applying GWR approaches in a 

wide range of domains, including quantitative geography, regional economics, urban and 

regional analysis, sociology, ecology, environmental science and archaeology. Compared 

with the global regression techniques, GWR particularly outperforms in exploring the spatial 

heterogeneity and producing mappable results. As the examples show in modelling the 

housing market, a number of spatial analysis techniques of local forms have been also 

employed simultaneously, such as the expansion method, moving widow approaches, fuzzy 

clustering-based least squares and spatial random effect modelling. The comparison of results 

indicates that GWR generally shows a better performance in the goodness-of-fit, especially 

the accuracy of parameter estimates, though there are a few exceptions (e.g. Zhang et al., 

2008; Schuurman et al., 2009; Tutmez et al., 2009). Actually all the techniques are not purely 

competitive with each other, but in some cases they are complementary. For instance, the 

global technique can clearly demonstrate an overall pattern and be very efficient in solution, 

while GWR can displays local variations but is of extra complexity in model calibration. 

Furthermore, GWR has been continuously extended in its broad utilizations. Until now there 

have been a considerable number of extensions of basic GWR technique developed and 

employed in the previous case studies, including mixed GWR (e.g. Lee et al., 2009), GWLR 

(e.g. Atkinson et al., 2003; Giaccaria and Frontuto, 2007; Luo and Wei, 2009; Qi et al., 2010), 
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GWPR (e.g. Hadayeghi et al., 2010), GTWR (e.g. Crespo, 2009; Huang et al., 2010), 

geographically weighted conditional logit model (e.g. Tanaka et al., 2008) and robust GWR 

(Harris et al., 2010b). 

2.5 Issues with GWR 

A lot of contributions have been continuously made to GWR in the last decade. With the 

development and improvement of this technique, some issues, even critiques, have been 

raised by concerning the estimation accuracy and validity of statistical influences. 

The multicollinearity and correlation among GWR coefficients have been addressed in 

several papers (such as Wheeler and Tiefelsdorf, 2005; Wheeler, 2007; Griffith, 2008; 

Wheeler and Waller, 2009; Wheeler, 2009). As stated by Wheeler and his collaborator, “the 

local regression coefficients are potentially collinear even if the underlying exogenous 

variables in the data generating process are uncorrelated.” (Wheeler and Tiefelsdorf, 2005, p. 

161); “Moderate collinearity of locally weighted explanatory variables can lead to potentially 

strong dependence in the local estimated coefficients. This strong dependence in estimated 

coefficients makes interpretation of individual coefficients tenuous at best, and highly 

misleading at worst” (Wheeler, 2007, p2464-2465). Wheeler (2007; 2009) proposed two 

solutions to reduce the effects of correlations among explanatory variables and stabilize the 

coefficients estimates: geographically weighted lasso (GWL) and geographically weighted 

ridge regression (GWRR). Both methods have been verified in case studies and simulations, 

but more efforts should be made with larger data sets, more explanatory variables, under a 

Bayesian framework, or “to distinguish clearly spatial variation in the effect of an 

explanatory variable from latent spatial autocorrelation in the pattern of GWR coefficients”. 
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Around the validity of statistical inferences in GWR, there is a serious argument whether 

GWR is an appropriate tool to make general spatial inferences (e.g. Jetz et al., 2005; Wheeler 

and Páez, 2010). They raised the issues that spatial variability emerging in a GWR model 

might be caused by model misspecification, or interacting effects of correlations between 

terms, or worse, be an artefact of GWR itself. Páez et al. (2011) examined the issue with 

simulation studies, and suggested that GWR is not recommended as an inferential tool in 

situations with small samples. Another issue reported by Wheeler and Páez (2010) is the 

accuracy of the standard error calculations, which might be influenced by the repeated usages 

of data for both coefficient estimates and kernel bandwidth calibrations with CV approach. 

These issues need much more in-depth work to be done in the future, and as for this topic 

experimentations with different distance metrics should be also carried out. Do the existing 

approaches or solutions still work for non-Euclidean distance metrics? Will an optimum 

distance metric contribute to solving these issues? Are there any more issues when a non-

Euclidean distance metric is used? These questions form interesting future challenges. 

2.6 Alternative distance metrics in GWR 

Researchers have been making considerable efforts to improve the performance of GWR, for 

example optimizing model structure, specifying combinations of involved variables, selecting 

an optimum bandwidth or weighting kernel function. However, one important aspect of the 

GWR technique seems to have been neglected, i.e. the distance metric. GWR is built in 

accordance to the proximities between regression points and data points. Empirically, the 

Euclidean distance metric is generally adopted as the default in previous GWR applications. 

There are very few attempts to use a non-Euclidean distance metric in a GWR model. Lloyd 

and Shuttleworth (2005) used a modified ward-to-ward distance matrix to analyze the 

relations between out-commuting distance and some socioeconomic factors about 
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employment and population in Northern Ireland, in which instead of simple Euclidean 

distances between ward centroids, the ward-to-ward distance is provided with straight-line 

distances between ward centroids and within-ward distance is given as the mean distance 

between enumeration district centroids. Huang et al. (2010) introduced the spatio-temporal 

distance under an ellipsoidal coordinate system for modelling the spatio-temporal variations 

in house prices. The concept of proximity is very complicated, and particularly in the 

geographical space the Euclidean distance metric may not always be the best choice for 

spatial modelling and analysis. This point will be discussed in the next chapter, where non-

Euclidean distance metrics are introduced. Even with regard to the above GWR applications, 

we can infer that potentially better choices of distance metrics could be made instead of the 

straight line distance. 

There have been a considerable number of GWR applications in analysing housing markets. 

A house is a place for people to live or work inside, which constitutes the main space for 

human activities. Clusters of houses connected by roads form an organism. Thereby, it might 

be more reasonable to consider the relationships underlying a housing market. However, this 

point has not been emphasized enough in these studies, where the Euclidean distance is 

arbitrarily used for calibrating GWR models (e.g. Gao and Asami, 2005; Kestens et al., 2006; 

Bitter et al., 2007; Yu, 2007; Páez et al., 2008; Löwenborg, 2010), even though the 

accessibility characteristics of a house are concerned as important determinants in most 

models. Alternatively, the deterrence measure will be recommended for this type of 

application. In chapter 5, the alternative distance metrics will be implemented using case 

studies with house price datasets for London and the West Midlands. 

In a transportation system, the most important foundation is the underlying transportation 

network itself. It seems that it may be more reasonable to utilize a non-Euclidean distance, 
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such as route distance or travel time, in the GWR applications in this domain. The previous 

case studies in transportation analysis all adopted Euclidean distance by default in calibrating 

GWR models (e.g. Lloyd and Shuttleworth, 2005; Zhao et al., 2005; Erdogan, 2009; Blainey 

and Preston, 2010). Thus, it can be anticipated that the calibration results could be well 

improved by replacing the straight line distance with network distance or travel time. 

We have seen that there are a number of studies which are based on river networks (Atkinson 

et al., 2003; Windle et al., 2010). These authors did not make any change in distance metrics 

for GWR calibration. However, Euclidean distance might fail to reflect the spatial 

configuration, connectivity, and directionality of sampling sites along a stream network 

(Peterson et al., 2007), especially for fisheries studies. Actually a river or stream distance 

metric has been already frequently applied in geostatistics (e.g. Dolan et al., 2000; Gardner et 

al., 2003; Curriero, 2006; Money et al., 2009), and similar attempts should be also made in 

GWR applications. 

In practice, the complex terrain conditions may also lead to irregular distance metrics instead 

of simple straight line distance, such as mountain areas. This kind of study should take the 

terrain landscape factors in measuring distance (e.g. Nelson, 2000) 

Furthermore, I visualized the word clouds of model variables that have appeared in the 

previous GWR applications in figure 2-3. This picture suggests that there are a wide range of 

variables involved in those studies, and the words “population” and “distance” have been 

mentioned with the highest frequencies. The “population” always refers to the demographic 

variables, while “distance” is often associates with accessibility variables, which might be 

measured as straight line distance, network distance or travel time. Obviously these are very 

different kinds of variables, and may suit different distance metrics. Therefore, an important 
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conjecture is proposed that different variables have distinctive responses to distance metrics. 

This forms an exciting future direction for using non-Euclidean distance metrics to calibrate 

GWR models, and an approach on calibrating a GWR model with parameter-specific distance 

metrics is appropriate for development. Related with this direction, parameter-specific 

bandwidth for GWR modelling has been attempted by Yang et al. (2011). 

 
Figure 2-3 Word clouds visualization of variables appeared in the above GWR models7 

2. 7 Summary 

GWR provides an intuitive and technically accessible tool to explore spatially varying 

relationships (Páez and Wheeler, 2009), and has been developed continually with different 

extensions and applied widely. As an exploratory or spatial prediction tool, it is powerful, 

convenient and flexible, and can be recommended for studies of spatial heterogeneity and 

dependence. However, there are still some issues which require much further work. 

                                                            
7 This map is generated with the tool produced by Wordle (http://www.wordle.net/). 
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Within the technical framework of GWR, the distance metric plays a central role in reflecting 

a proximity-based decay effect. However, the standard GWR technique just simply takes the 

straight line distance as the weighting basis, which ignores the richness of other distance 

metrics in geographic space. With this consideration, this research will attempt to explore the 

possibility and feasibility of improving the performance of a GWR model using an optimum 

distance metric, instead of the Euclidean distance by default. 

Selecting a non-Euclidean distance to calibrate a GWR model is not a revolution for the 

standard GWR technique, but an update to improve its performance. Therefore, the 

theoretical framework of GWR will not be changed, and the relative approaches are still 

effective. This chapter has explored the theoretical base on GWR for this project. 
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Chapter 3 How near is “near” and how distant is 
“distant” 
 

To answer the question posted in the chapter title, we utilize the notion of distance. Distance 

is a fundamental component of any comprehensive ontology of space (Worboys, 2001). In 

geographic information science (GIScience) 8 , it is often the key to modelling spatial 

behaviour, understanding spatial variation and integrating incomplete representations of 

unique places (Smith, 1989; Longley et al., 2005). Empirically, the measurement of distance 

is always carried out to give a numeric representation of the “gap” between a pair of entities. 

In many cases of spatial modelling and analysis, including GWR, the representation is the 

physical length of straight line distance between two spatial units, i.e. Euclidean distance 

metric. However, this representation need not be limited to the Euclidean distance, but may 

need other metrics due to the complexity of the real world and diversity of many practical 

studies. These other choices can be collectively referred as non-Euclidean distance metrics. 

The primary concern of this chapter is to introduce approaches to representing distance and it 

focuses on the usage of non-Euclidean distance metrics in GIScience. 

The structure of this chapter is as follows: we start with general concepts and axioms around 

the notion of distance in mathematics; the idea of geographical space is introduced and 

relative geospatial distance metrics are presented in the second section; we then review 

several applications of spatial modelling and analysis using non-Euclidean distance metrics; 

finally we end with summarizing the chapter. 

                                                            
8 The concept is discoursed by Goodchild in the paper: GOODCHILD, M. F. (1992) Geographical information 

science. International Journal of Geographical Information Systems, 6, 31–45. 
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3.1 General definition of a distance metric 

Generally, distance is simply defined as a numerical representation of separation or 

distinguishability between primitives in a space (Huriot et al., 1989). In mathematics, it is 

defined as a numeric function that satisfies non-negativity and distinguishability. Associated 

with the measurement of distance, two additional conditions are usually required: symmetry 

and triangularity. The concepts of distance and metric space can be given by combining 

these four properties, as defined in DEFINITION 1.  

DEFINITION 1. For any arbitrary set X, d is a distance if and only if it satisfies: 

i. (Non-negativity):  , , , 0 

ii. (Distinguishability):  , , , 0  

and the pair (X, d) is designated as a metric space if and only if d also follows the following 

two conditions, 

iii. (Symmetry):  x, y X, d x, y d y, x  

iv. (Triangularity):  x, y, z X, d x, z d x, y d y, z  

In a more general way, Smith (1989, p 3-4) reconsidered these properties within any bounded 

region of space, specifically the term d-bounded set, which is defined as 

DEFINITION 2. For any arbitrary set X and , B is a d-bounded set if and only if there 

is some  and 0 to make the following condition satisfied 

, |  & ,  
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Based on the definition of a d-bounded set, the notions of symmetry and triangularity can be 

extended to the terms of weak symmetry and weak triangularity. The concept of uniformity is 

defined as well in the DEFINITION 3. 

DEFINITION 3. For any d-bounded set,   and 0, there is a sufficiently small 

0,  , , , the extended properties of distance d are defined as: 

i. (Weak symmetry) , ,  

ii. (Weak triangularity) max , , , ,  

iii. (Uniformity) , , |  & , ,  

As described in DEFINITION 1, the definition of distance only depends on the properties of 

non-negativity and distinguishability, while the others contribute to defining a distance space, 

(X, d). A distinct class of distance space is designated if and only if certain properties of 

distance d are allowed for all the elements in X. Table 3-1 shows the classifications of 

distance spaces. If only symmetry is met, (X, d) is called semimetric space; if only 

triangularity is satisfied, (X, d) is named quasimetric space. Both of them form important 

“bench players" for the notion of metric space, especially in GIScience. 

Among distance spaces, metric space is definitely the best known one due to a specific 

category, the Euclidean space. Actually there are various ways to define the notion of 

Euclidean space. In a classical way, Euclidean space is defined as a metric space for applying 

Euclidean geometry, where Euclid’s 5 postulates are followed: 

I. Any pair of non-overlapping points can determine a unique line.  

II. A straight line segment of any length can be produced in a straight line.  

III. A circle can be drawn with any point as centre and any length as radius. 

IV. All right angles are equal with each other.  



48 

 

V. If a line intersects with the other two lines in such a way that the sum of the two 

interior angles on one side is less than two right angles, then the other two lines must 

intersect each other on that side if extended far enough. 

Table 3-1 Classification of distance spaces 

Definition of (X, d) Conditions 

Metric space Symmetry and triangularity 

Semimetric space Symmetry 

Quasimetric space Triangularity 

Uniform space Uniformity 

Uniform semimetric space Symmetry and weak triangularity 

Uniform quasimetric space Triangularity and weak symmetry 

 

In practice, the 2-D Euclidean plane or 3-D Euclidean space is used with a Cartesian 

coordinate system. The distance metric for the Euclidean space is known as Euclidean 

distance, which measures the length of the straight line segment between any pair of points. 

The formal definition of Euclidean distance is as shown in DEFINITION 4. 

DEFINITION 4. For any subset X of Euclidean n-dimension space, the Euclidean distance 

function : 0  is defined as 

, ∑ , where , , , , ,  
 

(3.1)

These mathematical concepts make the accurate and fundamental definitions of distance 

metric, and especially theories around Euclidean space contribute to the fundamental 

components of GIScience. In geographic information systems (GIS), the real world is almost 
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always abstracted with Euclidean geometries. Accordingly, GIScientists usually consider a 

distance metric from the perspective of metric space, often the Euclidean distance. However, 

the world is often more complex and a number of alternative distance metrics should be 

considered (Worboys, 1996). In the next section we will talk about the distances from the 

point of view of the domain of GIScience. 

3.2 Geographical space and distance metrics in GIScience 

In this section, the concept of geographical space is introduced in order to discuss the 

concepts of distance spaces in a geographical context. Subsequently, concrete types of 

distance metrics studied in GIScience are presented. 

3.2.1 Geographical space 

Geographical space is a key concept in GIScience and has been a continual concern since the 

emergence of spatial science. In the context of “naive geography” introduced by Egenhofer 

and Mark (1995), geographic space is coined as an intuitive recognition of the surrounding 

physical world, which is two dimensional and planar, or spatio-temporal but admitting 

multiple models. However, Worboys (1996) indicated that geographic space is a complex 

system rather than an intuitive “table-top space” due to our incomplete knowledge of it, as we 

are immersed in it, and can’t see or touch its full extent from any single location, or move 

through its spatio-temporal dimensions to explore its domain. In this sense, there is no 

globally imposed distance metric for it. In other words, geographic space lacks a usual 

mathematical distance metric and the selection of an appropriate metric will be dependent on 

the spatial context, topology, and temporal component. 

Beguin and Thisse (1979) gave a general definition of geographic space based on three basic 

components: the set of places S, the distance metric d and the area measure .  
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S is a set composed of elementary spatial entities, places or locations. It can be understood 

from the notion of absolute space given by Kitchin (2009). In this definition, the real space is 

considered as a geometrical system of organization where human beings and spatial objects 

are located or move through, and is generally represented by Euclidean geometry with 2 or 3 

dimensions. As the material substratum for physical, biological and human processes, the 

quantative interpretation of S constitutes the first and probably the most obvious geographical 

specificity of a model in spatial analysis. For this purpose, the two basic measurements of 

distance and area have to be specified for spatial entities within a given S. 

The symbol d represents the distance metric on S and then for any pair of elements, , , 

,  detects a shortest path relation between  and , and gives the distance in a 

predefined unit of length. The shortest paths also have properties of non-negativity and 

distinguishability, and may follow symmetry and triangular inequality when they obey the 

conditions of a metric space (Miller and Wentz, 2003).  

Compared with the general definition (DEFINITION 1), the above statement highlights the 

concept of unit of measurement, which is dependent on the scale in the representation of S. 

In a geographical context, a subset of S is always expected to be measureable in its extent, 

which expressed by its area. The definition of area,  is based on the concept of the Borel -

algebra , which is the intersection of all -algebra9 of S. All the elements of , which are 

                                                            
9 A  -algebra  is a class of subsets of S, which allows the following conditions: 

i.  and  

ii.  

iii. For any countable family |  & , then  and . 
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subsets of S, are mathematically measurable in area. Similar with the distance measure, the 

area measure  is subject to some conditions, as described in DEFINITION 5. 

DEFINITION 5. Let  be an area measure defined on , , which is a nonnegative 

measure by allowing the below conditions: 

i. 0, 

ii. For any countable family , , and  when ,  

 
(3.2)

In a minimal conception limited to the above three components, the notion of pre-

geographical space is defined as a finite or infinite set of places endowed with certain 

structural property, and gives an underlying geospatial measurement framework (Miller, 2000; 

Miller and Wentz, 2003). A pregeographical space can be expressed in a triplet form, as 

, ,
 

(3.3)

where S is a set of at least two places with both a distance metric and an area measure defined.  

Actually, pregeographical space is still an instance of absolute space. However, the real space 

is not only an absolute geometric container for human activities, but is also a cognitive space 

which is mentally constructed by spatial relations or phenomena (Kitchin, 2009). Thus, the 

measurement of geographic attributes allows a pregeographical space to create a geographical 

space (Beguin and Thisse, 1979; Miller and Wentz, 2003). The measurements of simple 

attributes and composite attributes are discussed in details by Beguin and Thisse (1979). Let 

be a non-negative measure on the attributes I, then a more extensive definition of 

geographical space can be expressed as  
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, , ,
 

(3.4)

where the attributes of S are included. 

In practice, the set of places S and the distance metric d determine the basic properties of a 

geographic space (especially the latter), and their different combinations form a number of 

special cases of geographical space, including planar Euclidean space (2-D), 3-D Euclidean 

space, spherical space or grid/lattice space.  

A geographic space is not necessarily a metric space, and it might not satisfy all the 

mathematical conditions of symmetry and triangularity. If we relax some metric conditions, 

like symmetry, then only triangularity holds. From table 3-1, although geographical space is a 

quasimetric space, nevertheless the distance measurement is still supported in GIScience and 

spatial analysis (Huriot et al., 1989; Smith, 1989; Worboys, 1996; Miller, 2004). In practice, 

there are diverse ways in which distance has been used, worked with, and thought about, in 

various individual experiences (Pirie, 2009). We now consider the introduction of empirical 

distance metrics in the domain of GIScience. 

3.2.2 Euclidean distance metric 

Kant stated that the physical space is readily perceived and imagined as Euclidean space, as 

the phenomenal space experienced during visual perception or imagery is described by 

Euclidean geometry (Salmon, 1980; Montello, 1992). Therefore, the straight line distance in 

people’s most basic perception is always the first choice in mental representation of a real 

space, even though it is not necessarily the most appropriate one. For example, one knows 

that the shortest path that can actually be travelled is not always a straight line. This does not 

mean that in the conscious mind the physical space is necessarily non-Euclidean. 
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In GIScience, the standard or default assumption for the distance metric is based on the 

Euclidean model, especially 2-D Euclidean space that is flat, infinite, continuous, isotropic 

and formally characterized by the five postulates of Euclidean geometry (Miller, 2000; Miller 

and Wentz, 2003). Traditionally, a 2-D plane is projected from a geographical coordinate 

system (3-D spherical surface) through a number of transformations which include 

cylindrical, planar, conic or interrupted projections. The 3-D Euclidean space makes a more 

general and meaningful description of the real world. In a 2-D or 3-D Cartesian coordinate 

system, the straight line distance can be applied to measure the inter-centroid distance 

between spatial objects, as formulized in eq. (3.1). 

3.2.3 Minkowski distance metrics 

Distance metrics in a Euclidean space are not merely restricted to the Euclidean distance, i.e. 

the straight line distance measure. Broadly speaking, Euclidean distance is a 2-norm distance; 

while there can be infinite number of distance metrics that allow the properties of non-

negativity and distinguishability, even symmetry and triangularity with Euclidean geometries. 

The Minkowski distance, also known as p-norm distance, gives the general illustration: 

| | (3.5)

where , ,  and , ,  are two vectors in n-dimension Euclidean space, and p is a 

positive real number. It is a generalization of all the commonly used metrics on a Euclidean 

space, and corresponds to the Euclidean distance when p equals 2. 

Another important special case is the Manhattan distance, also known as taxicab or city block 

metric, when p equals 1. Krause (1987) indicated that taxicab geometry is an ideal non-

Euclidean geometry in modelling the artificial urban world. It is also easy to be understood 
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without prerequisites beyond a familiarity with Euclidean geometry and the coordinate plane. 

In essence, the Manhattan distance measurement is made along orthogonal lines that connect 

the target points on a plane. It is usually implied to simulate a grid network or approximate 

the road distance in a context of urban blocks (e.g. Puu and Beckmann, 1999). 

3.2.4 Chamfer distance metrics 

In GIS, a type of lattice or grid is used to represent a surface with an array of regularly spaced 

mesh points which are referenced to geographical locations. When allied to a distance 

function, it forms a lattice/grid space. 

Generally, a chamfer distance metric is often designed for a lattice space which is calculated 

in an incremental manner based entirely on the distance between directly adjacent cells. The 

standard algorithm involves a two-pass scan of a square or rectangular lattice dataset: a 

forward scan from top left to bottom right and then a backwards scan from bottom right to 

top left (De Smith, 2004). The definition provides a very simple and extremely fast method 

for measuring the distances from each unit to the units in a target set (Leymarie and Levine, 

1992). 

For raster data, the metric is known as cost distance, which is defined as the least cost of 

travelling between specified cells in a raster. This concept is widely used in raster analysis in 

GIS (Janin et al., 2009; Richard and Armstrong, 2010), and as a basic tool function it is 

available in the mainstream GIS software. 
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3.2.5 Spherical distances: great circles 

Due to the spherical nature 10  of our planet, 3-D closed eclipse spaces are employed, 

especially for analyzing geographical phenomena at global scales (Raskin, 1994). In this 

situation, the earth’s surface is defined by a geographical coordinate system, and positions are 

normally located with degrees of latitude and longitude. Alternatively the sphere can be 

projected onto a plane using a conventional projection method, and then the analysis on the 

transformed data can be performed on a Euclidean planar space. 

For a spherical space, the great circle distance, also known as flying distance, is defined as 

the length of the shorter great circle arc. A great circle on a sphere is the intersection of the 

sphere with a plane containing the sphere centre, and any two non-antipodal points on the 

sphere determine a unique great circle, namely the intersection of the sphere with the plane 

generated by the two points together with the centre of the sphere (Feeman, 2008). The 

formula for calculating the great circle distance is defined in DEFINITION 6 based on the 

Haversine formula. 

DEFINITION 6. For any two points on the earth surface, ,  and , , the 

great circle distance can be defined as: 

2 atan2

sin
∆

2
cos cos sin

∆
2

1 sin
∆

2
cos cos sin

∆
2

,  (3.6)

                                                            
10 This is a simplification as in most models of the earth, (e.g. WGS 84) by assuming the shape of the earth to be 

an oblate sphere (i.e. flattened slightly of the poles). 
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where ∆ , ∆ ,  is radius of the earth, and atan2 is a 

variation of the arctangent function in trigonometry, which can be expressed as: 

atan2 ,

tan ⁄ , 0
tan ⁄ , 0 & 0

– tan ⁄ , 0 & 0
2⁄ , 0 & 0                         

– 2⁄ , 0 & 0                      
NA, 0 & 0

 
(3.7)

In the release of software GWR 3.0 (Charlton et al., 2007), the great circle distance is 

available for calibrating a GWR model when the geographical coordinates are provided in 

latitude and longitude. It is the first exploration in using a non-Euclidean distance metric in 

the GWR technique.  

3.2.6 Context-based distance metrics 

In practice, a geographic space often refers to an environmental space which is characterised 

by the knowledge of the environment that surrounds us (Montello, 1992). This kind of 

knowledge is often known as environmental or geographical context, and called spatial 

context here. Different spatial contexts may provide distinctive cognitions of the surrounding 

space. Accordingly distance metrics are particularly perceived in a concrete spatial context, 

even for the same person or application (Worboys, 1996). In this sense, the notion of context 

based distance metric can be proposed. 

The distance per se is a relationship between any pair of entities in a space. It can be 

absolutely defined with a certain function, like Euclidean distance or Manhattan distance. 

Alternatively it can also be concerned in combination with some other factors. Any type of 

context which may affect the measurement of proximity and can also be used to improve the 
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definition of a distance metric is called a context factor. Then a concept of context based 

distance metric space could be considered in a triplet form: 

, ,
 

(3.8)

where d is the defined distance metric, S is a set of places and C represents a collection of 

context factors. 

The notion of context based distance is established on the basis of shortest path relations 

defined by the context factors. Specifically, the network based shortest-path distance is well-

known and widely used in spatial analysis. It is a relevant concept of length of the shortest 

path between a pair of points in space, where the metric can be any cumulative attribute of 

paths, including physical length in a given unit, time spent in travelling, or gallons of fuel 

consumed. In view of those measured items, different types of distance metrics, including 

time distance, economic distance, effort distance or cognitive distance, can be defined. As a 

proper network to work as the spatial context, it has to follow four conditions, including 

connectedness, concatenation closure, subpath closure and parameter completeness. Smith 

(1989) defined path network in accordance with these limitations, as described in 

DEFINITION 7. 

DEFINITION 7 For a nonempty set X, let PX denote the class of all paths in X, N is a family 

of paths and . N is a path network if and only if  , , , , it allows the 

below four conditions: 

i. (Connectedness) , , where ,  means the subset of N consisted of 

paths from x to y; 

ii. (Concatenation closure) , · , , , where the operator “·” is defined 

as the concatenation of paths; 
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iii. (Subpath closure) any subpath of  ; 

iv. (Parameter completeness) , where  is the reparameterization 

class of p, which is consisted of order epimorphism of p. 

For a path network, the length measurement directly determines the essence of the shortest 

path distance. Whichever kind of cumulative attribute, there is always a formal way to restrict 

the length function, as shown in DEFINITION 8 (Smith, 1989). 

DEFINITION 8 For a nonempty set X and any path network , a function :

0  is designated as a length function on N if and only if  , ,  with · , l 

meets the following three conditions: 

i. (Nullity) 0, where  is the class of all null paths in ; 

ii. (Additivity) · ; 

iii. (Invariance) . 

With given path network and length measurement, the term shortest path distance can be 

properly defined as in DEFINITION 9. 

DEFINITION 9 For a nonempty set X and a path network N, the shortest path distance 

: 0  is designated with a predefined length function l, as, 

 , , , inf : , (3.9)

where inf means the infimum of a set, i.e. the greatest lower bound. 

It has been confirmed that a network based distance metric might not necessarily characterize 

a space as a metric space, especially when the symmetry condition is not always satisfied (e.g. 

Smith, 1989; Worboys, 1996). However, it doesn’t affect its metrization according to Frink’s 
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theorem, which stated that “A space with an unsymmetric, uniformly regular distance 

function is metrizable” (Frink, 1937, p 138). 

In GIScience, a transportation network is one of the most common path networks used in 

calculating shortest path distances, for which factors like traffic rules or network structural 

properties are often taken into account as well as the physical network. This results in great 

complexity in the computations of shortest path distances, which require careful treatment. 

Originated in graph theory, the algorithm to find the shortest paths and calculate distance, 

have been studied thoroughly, for instance the Dijkstra algorithm, the Floyd-Warshall 

algorithm and the Bellman-Ford algorithm (see Bellman, 1958; Dijkstra, 1959; Floyd, 1962; 

Pape, 1980; Cherkassky et al., 1996; Zhan and Noon, 1998).  

In GIS software there are several tools to undertake the shortest path distance calculations, 

for example network analysis tools in ArcGIS (ESRI, 2001), GRASS (GRASS Development 

Team, 2008) and SANET (Okabe et al., 2009). In this thesis, we developed alternative tools 

to convert a vector map of network to a graph in R (R Development Core Team, 2011), and 

calculate the shortest path distance via the package RBGL (Carey et al., 2011b) or igraph 

(Csardi, 2011). These will be introduced in chapter 5. 

3.2.7 Qualitative distance 

In spatial representations and GIS practice, precision may not be always desirable, neither 

might quantitative data be available (Frank, 1992). Thus, a qualitative expression of spatial 

relations, including proximity relations, is needed. Approaches to the qualitative reasoning of 

distance metrics have been broadly studied in the last two decades (e.g. Gahegan, 1995; 

Hernández et al., 1995; Guesgen and Albrecht, 2000; Guesgen, 2002; Yao and Thill, 2005; 

Brennan and Martin, 2006). Qualitative distances translated from the absolute distance 
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metrics can be represented by linguistic terms, like near, close, or far, or characterized by 

partitioning the physical space into ranges with predefined thresholds (see Hernández et al., 

1995). 

Table 3-2 Fuzzy membership functions 

Absolute Distance Metrics , 1
Dist ,

Max
 

Relative Distance Metrics ,
1

Reldist , 1
 

Fuzzy Union 
_ , Max , , ,  

Fuzzy Intersection _ , Min , , ,  

 

Gahegan (1995) proposed a contextual model to give semi-quantitative description of 

nearness relations. He introduced two concepts of distance metric, i.e. the absolute distance 

metric and the relative distance metric. The absolute distance metric arises from assuming a 

positive relationship between spatial proximity and the physical distance measure, analogous 

to the Euclidian distance metric. The relative distance is expressed by ranking the objects 

with respect to their distance from a reference object. Additionally, he combined both of them 

with fuzzy union operators. Following this work, Brennan and Martin (2006) proposed fuzzy 

membership functions to evaluate the measured distances, as expressed in table 3-2. 

In the table 3-2, Dist means the measured distance between any pair of objects A and B, reldis 

represents the relative distance, and Max is the maximum distance in the study region. Later 

on, Guesgen (2002) laid great consideration on the human perception of proximity and 

suggested a fuzzy set definition around the Euclidean distance. For a reference object A, its 

proximity fuzzy set can be 



61 

 

, ,
1

1,  
(3.10)

where ,  is the coordinate of A. Based on the notion of proximity fuzzy set, he 

addressed a simple form of reasoning about proximity of objects without any distance 

measure. 

Yao and Thill (2005) proposed ordered logit regression to translate metric distances into 

linguistic distance measures. In this statistical approach, linguistic proximity measures are 

predicted with corresponding metric distances and context variables, which will be taken as 

independent variables in the model. 

3.3 Non-Euclidean distance metrics in GIScience 

Arising from Tobler’s first law of geography, there is always a basic assumption in spatial 

analysis that observations that are closer to each other tend to be more alike than observations 

father apart (Tobler, 1970; Crawford and Young, 2008). This is usually quantified by a 

distance decay function. Generally, this kind of analysis relies on the Euclidean distance 

metric, which is the straight line distance between point features, or between centroids for 

area features. However, a non-Euclidean situation may be more appropriate for analyzing or 

visualizing geographical phenomena, particularly when the spatial interaction or behaviour 

does not follow straight lines or the standard properties of a metric space (Miller, 2000). 

There have been a great number of efforts in using non-Euclidean distances, especially in the 

domain of geostatistics. The usage of non-Euclidean distance metrics will be reviewed in the 

following subsections. 
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3.3.1 Stream distance in geostatistical modelling 

In studies of stream networks, geostatistical models using Euclidean distance may fail to 

reflect the spatial configuration, connectivity, and directionality of sampling sites along a 

stream network. This may be not ecologically appropriate for chemical, physical and 

biological studies (Smith et al., 2008). Distance may be defined in different ways for 

geostatistical modelling with a stream network (Krivoruchko and Gotway, 2003).  

Water distance and directed stream distance have been widely used in comparisons with 

Euclidean distance. These applications are mainly carried out in Kriging approaches for 

making spatial predictions along a stream network (e.g. Dolan et al., 2000; Gardner et al., 

2003; Curriero, 2006; Lyon et al., 2008; Money et al., 2009). Gardner et al. (2003) tried 

Euclidean distance, in-water distance and a weighted distance metric by stream order value in 

Kriging methods to predict stream temperatures through the Beaverkill Watershed. Their 

results indicate that the in-water distance benefits the accuracy of prediction, and the 

weighted distance metric demonstrate the flexibility and effectiveness of the prediction model 

across a highly variable system. Lyon et al. (2008) investigated Euclidean distance, in-stream 

distance and adjusted in-stream distance according to characteristics of the local contributing 

area, and applied them in Kriging interpolations to predict the water chemistry, in which the 

adjusted distance metric is proved to be the best performing, though it comes at a 

computational cost. Money et al. (2009) employed river distance in covariance modelling on 

estimating dissolved oxygen along stream networks in New Jersey, which leads to 10-11% 

reduction in the overall estimation error, and is visually more realistic than that obtained by 

using Euclidean distance.  

However, non-Euclidean distance metrics are not consistently winners when compared with 

Euclidean distance. Little et al. (1997) employed the in-water distance in Kriging to predict 
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contaminant and water quality variables in estuaries in South Carolina. Rathbun (1998) 

defined the water distance when considering the irregular shape of estuaries to fit spatial 

correlation models and predict the salinity and dissolved oxygen data. In both studies, 

compared with the Euclidean distance, the improvement from water distance is not always 

fully consistent. 

In a few cases, Euclidean distance appears to be the best performing metric. Peterson et al. 

(2007) applied Euclidean distance, symmetric hydrologic distance, and weighted asymmetric 

hydrologic distance in geostatistical models to quantify patterns of spatial correlation in 

stream water chemistry. The outcomes show that Euclidean distance is the most suitable 

distance metric in this case, where the data are collected using a probability-based random 

survey design. In the same year, Peterson and Urquhart (2006) derived Euclidean distance 

and weighted asymmetric hydrologic distance to fit geostatistical models between dissolved 

organic carbon and coarse-scale watershed characteristics, and again Euclidean distance 

predicts more variability with the best fit for each autocovariance model except the spherical 

model. 

In the light of these findings, some applications directly adopted non-Euclidean distance 

metrics when dealing with a stream network. Torgersen and Close (2004) adopted upstream 

distance in statistical analysis to evaluate spatial patterns and habitat relationships of larval 

Pacific lamprey; Monestiez et al. (2005) used upstream-downsteam distance to analyze the 

spatial pattern of soil fluvisols; Isaak et al. (2007) derived stream distance to measure the 

connectivity for each habitat patch in the Middle Forke Salmon river in the US; Le Pichon et 

al. (2009) applied water distance to detect fish habitat patterns and quantify the habitat 

alteration; Boisvert et al. (2009) optimized the distance with a specification of locally varying 

anisotropy in geology for Kriging methods; Boisvert and Deutsch (2011) derived river 
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distance for carrying out covariance-matching constrained Kriging and ordinary Kriging to 

predict daily change of dissolved oxygen along the river network in Southeast Queensland. 

3.3.2 More instances of using non-Euclidean distance metrics 

In landscape studies, non-Euclidean distances have also been used in geostatistical models. 

Jensen et al. (2006) derived a landscape-based distance metric, a lowest-cost path distance 

with accounting for the presence of barriers in heterogeneous environments, in estimating 

variogram parameters. McRae (2006) applied an isolation-by-resistance model by using 

resistance distance to predict genetic structuring in complex landscapes; he pointed out that 

the resistance distance is both more theoretically justified and more robust in exploring 

spatial heterogeneity than Euclidean or least cost path-based distance metrics. Lyon et al. 

(2010) modified the traditional Euclidean distance metric by incorporating quantifiable 

landscape characteristics to carry out ordinary Kriging with soil layers in central Sweden. The 

resorting adjusted distance metric generates a semivariogram with lower nugget effect, and 

yielded a better fit with ordinary Kriging interpolations. 

In socio-economic studies, non-Euclidean distance metrics have also been frequently used in 

spatial modelling and analysis. Conley and Dupor (2003) employed two measures of 

economic distance in the spatial generalized method of moments modelling, where these 

measures are used to estimate covariance functions. Kent et al. (2006) applied directed path 

Euclidean, indirect path Manhattan and two functional distance metrics (including shortest 

travel path and quickest temporal path distances) in two different journey-to-crime distance 

decay functions. In this study, the use of directed path Euclidean and indirect path Manhattan 

distances clearly outperforms both functional distances in predictive accuracy. Shahid et al. 

(2009) derived Minkowski distance metrics to identify the socio-economic factors in spatially 
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weighted regression; road distance and travel time were approximated by Minkowski 

distance function and implemented for calculating the spatial weighting matrix.  

Moreover, Desarbo and Manrai (1992) accommodated asymmetric proximity within distance-

density models in spatial analysis by modifying a multidimensional scaling methodology. 

Shahabi et al. (2002) used “real distance”, approximated by Minkowski distance function in 

the K nearest neighbour queries for moving objects in road networks. Nandy et al. (2004) 

derived non-Euclidean distance metrics for modelling the spatial covariance structure of the 

human brain. Cressie et al. (2006) calculated the shortest anisotropic path distance for 

implementing Kriging and sequential Gaussian simulation with locally varying anisotropy. 

Grazzini et al. (2007) employed geodesic distances in variogram estimation and Kriging 

interpolation. 

However, the validity of geostatistical models should be noticed when calibrating with a non-

Euclidean distance metric. Curriero (2006) demonstrated that it is not guaranteed that the 

traditional covariance and variogram functions remain valid (positive definite or 

conditionally negative definite), if a non-Euclidean distance metric is applied. This problem 

has caused a great concern when applying a non-Euclidean distance metric to this kind of 

model. In spatial covariance modelling, Løland and Høst (2003) used multidimensional 

scaling to approximate the water distance to ensured valid spatial covariance and significantly 

increased computational efficiency; later on, Hoef et al. (2006) developed valid spatial 

covariance models specifically for incorporating stream or flow distances, where moving 

average functions are integrated over a white-noise random process to create random 

variables for model construction. Moreover, Peterson et al. (2006) defined a new family of 

autocovariance models, which are statistically valid for symmetric and asymmetric 

hydrologic distance metrics. 
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Currently, non-Euclidean distance metrics have been integrated into GIS tools for spatial 

analysis. ESRI’s ArcGIS software provides options of using non-Euclidean distance metrics 

in the geostatistical analyst tools, including cost distance, network distance (Krivoruchko and 

Gotway, 2003). Smith et al. (2008) developed an R package, ramps, to analyze parametric 

spatial or spatio-temporal correlation structures, where great circle, maximum and absolute 

distances are alternatively available. 

3.4 Summary 

Distance is one of the fundamental elements of our world, but is not always as definitive as 

we think about it in scientific studies. In this chapter, we have discussed distance metrics in 

the domain of GIScience, especially non-Euclidean distance metrics. 

The distance metric plays a central role in reflecting the distance-decay effect in spatial 

analysis, including GWR. Metrics like great circle distance, chamfer distance and context-

based distance are alternative types of metrics which can be used in GWR applications. 

Non-Euclidean distance metrics will be tried to calibrate GWR models in this thesis. In 

chapter 5, we will undertake case studies in using context-based distance to model London 

housing price data with GWR. In chapter 6, Minkowski distance function will be used to 

approximate the underlying optimum distance metric for a GWR model, which is inspired by 

the previous studies (e.g. Shahabi et al., 2002; Miller and Wentz, 2003; Shahid et al., 2009). 

The diverse and various usages of non-Euclidean distance metrics in GIScience, especially 

geostatistics, demonstrate that the adoption of a distance metric is not a one-size-fits-all 

solution but is context-dependent. GWR should also comply with this stricture. Non-
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Euclidean distance metrics are not limited to the types described in this chapter, and this topic 

is open to debate. 
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Chapter 4 Modelling house price data 
 

4.1 Modelling housing markets 

4.1.1 General overview 

The housing market has been widely studied over the past sixty years, and the abundant 

literature surrounding housing market issues suggests that modelling and understanding the 

housing market is an important topic throughout the world (e.g. Kirby, 1976; Meen and Meen, 

2003). In terms of modelling the housing market, Kamarudin et al. (2008) indicate that it is 

important to understand the behaviour of a property market or present the theoretical 

underpinning that forms the micro-foundation of this behaviour. To date, numerous papers 

have contributed to this topic in a range of relevant research domains. 

There are primarily two means of analyzing the housing market: 1) modelling housing market 

dynamics (e.g. Maurice, 1999; Esmaeili et al., 2010; Gauvin et al., 2011) and 2) investigating 

the influential factors of house price indices (e.g. Adair et al., 1998; Madsen, 2011). Over the 

past two decades, house prices have varied at a very rapid rate compared with earlier periods, 

especially in developed countries where housing costs have rapidly displayed irregular 

patterns of strong growth and severe slumps (Nanthakumaran et al., 2000; Bajari et al., 2010). 

For the analysis and prediction of the dynamics of house prices, these variations have been 

broadly studied with a range of related factors, including consumer behaviours and various 

social, economic and demographic characteristics (e.g. Adair et al., 1998; Maurice, 1999; 

Nanthakumaran et al., 2000; Meen and Meen, 2003; Leishman and Bramley, 2005; Hwang 

and Quigley, 2006; Bajari et al., 2010; Esmaeili et al., 2010; Nagaraja et al., 2011). Among 

the diverse range of determinants used for modelling housing markets, features of income, 

expenditure, construction cost and land price, in particular, have been included (e.g. Pain and 
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Westaway, 1997; Madsen, 2011). In this work, methods for exploring the relationships 

between house prices and their determinants are considered, for which the hedonic modelling 

method forms the focus of the analysis. 

Studies on housing markets have frequently been carried out from an economic perspective, 

where only aspatial attributes are analyzed using autocorrelation models (Stein, 1995; Zhou 

and Bao, 2009), error correction models (Malpezzi, 1999; Stevenson, 2008) and agent-based 

modelling (Esmaeili et al., 2010; Gauvin et al., 2011). With the development of spatial 

econometrics, there has been an increasing interest in incorporating space into economic 

processes, with particular emphases placed on spatial association and heterogeneity (Holly et 

al., 2006). Moreover, the explosion of geo-coded housing data provides abundant 

opportunities to explore the relationships between location and house values within both 

geographic markets and submarkets (Fik et al., 2003). 

In a housing market, the influence of absolute locations on housing prices is usually reflected 

in terms such as accessibility indices or distance gradients. However, the spatial influences 

cannot be fully accounted for by these characteristics, due to an uncertain number of 

externalities that affect a given property at a given location. For example, there might be 

some special facilities in the nearby area which are influential in sale prices. In addition, the 

extent to which externalities affect real estate values is not always constant for each location 

but might be highly variable over space (Orford, 1999; Orford, 2000). As Orford (2000) 

states, the absolute location could be viewed as interacting with other determinants of house 

value. In this sense, a variety of spatial statistical methods have been developed to uncover 

localized trends in housing prices, including simultaneous auto-regression, conditional auto-

regression and Kriging (Basu and Thibodeau, 1998; Fik et al., 2003), which all account for 

some form of spatial autocorrelation. 
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In addition to locational attributes, the neighbourhood characteristics are also of concern for 

modelling housing markets. Witte et al. (1979) argued that housing prices are not only 

determined by the actions of single suppliers, but are also impacted by the multiple 

independent decisions of the nearby inhabitants. Together with structural attributes of houses, 

these three types of characteristics consist of the basic determinants for explaining a housing 

market. These characteristics will be defined and introduced in the next section. 

Can (1990) revealed that the implicit price of structural attributes could be varied over space 

in the housing price determination process according to neighbourhood quality. Naturally, the 

spatial heterogeneity in a housing market has become a hot topic in the last two decades. A 

considerable number of approaches have been adopted to explore spatial non-stationarity by 

estimating spatially varying parameters, such as the expansion method (e.g. Can, 1992; 

Kestens et al., 2006; Bitter et al., 2007), multi-level approaches (e.g. Gelfand et al., 2007), 

GWR (e.g. Gao and Asami, 2005; Yu, 2007; Páez et al., 2008), and moving window Kriging 

approaches (Case et al., 2004; Páez et al., 2008). 

Furthermore, the temporal dimension has also been incorporated into modelling housing 

markets. Fraser (1986, p.367) as cited by Nanthakumaran et al. (2000, p. 665) indicated that 

“the concept of supply elasticity varying between different property types in different 

locations and over different time periods is crucial to understanding and predicting rental 

value trends and returns to property investment”. Accordingly, spatio-temporal models of 

house prices have been also developed to explore both the spatial and temporal variations of 

the relative characteristics in a housing market (see Case et al., 2004; Holly et al., 2006; 

Crespo, 2009; Huang et al., 2010). 
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4.1.2 The hedonic price modelling 

4.1.2.1 Hedonic price modelling 

According to Bartik (1987), hedonic price theory was originally developed by Court (1941) 

and Tinbergen (1956) in economics. It is generally accepted that hedonic price modelling has 

been sophisticatedly developed on the basis of Lancaster’s consumer theory (Lancaster, 1966) 

and Rosen’s model of product differentiation (Rosen, 1974). It has become an indispensable 

tool to model the implicit price of a product within a specific magnitude of characteristic 

space. 

In Lancaster’s theory, three assumptions are made which are important to understand the 

hedonic price method (Lancaster, 1966, p.134): 

I. The good, per se, does not give utility to the consumer; it possesses characteristics, 

and these characteristics give rise to utility. 

II. In general, a good will possess more than one characteristic, and many characteristics 

will be shared by more than one good. 

III. Goods in combination may possess characteristics different from those pertaining to 

the goods separately. 

Rosen (1974) defined hedonic prices as implicit prices determined by attributes to be 

investigated from observed prices of products and a specific set of characteristics relative to 

them. Accordingly, the hedonic price model decomposes the prices into bundles of 

characteristics from a myriad of attributes that the goods possess (Chin and Chau, 2003). 

As stated by Goodman (1978), the hedonic price methodology was based on a strategy that 

assumes that most models of a particular heterogeneous commodity can be explained by a 
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small number of attributes or components. He gave a general expression of a hedonic model 

as, 

 (4.1)

where P is the price vector and C is a set of components that affect the price. The hedonic 

price of the ith component of set C is defined as ∂P ∂C⁄ . However, the functional form of the 

hedonic price model is still a major empirical issue, and has been frequently updated and 

adapted in the previous studies (e.g. Halvorsen and Pollakowski, 1981; Brown and Ethridge, 

1995; Halstead et al., 1997; Huh and Kwak, 1997). Despite the long length of time that 

hedonic price modelling has been in existence, the general framework provides very little 

guidance on the choice of proper functional form due to the diversity and complexity of 

market modelling (Butler, 1982). Currently, the linear or log-linear forms are usually adopted 

(Hulten, 2003). 

Hedonic price modelling has been broadly employed in a large number of applications (see 

Malpezzi, 2002; Hulten, 2003). Practically in the domain of housing market analysis, hedonic 

house price modelling has been widely employed to investigate relationships between house 

prices and the corresponding characteristics of sold properties (e.g. Berry and Bednarz, 1975; 

Goodman, 1978; Can, 1992; Dubin, 1992; Cheshire and Sheppard, 1995; Adair et al., 1996; 

Ashworth and Parker, 1997; Can and Megbolugbe, 1997; Anselin, 1998; Bowen et al., 2001; 

Franklin and Waddell, 2002; Malpezzi, 2002; Case et al., 2004; Alicia and Prasada, 2011). 

This method has been a common tool in housing economics, and according to Orford (2000,  

p. 1643) “numerous applications ranging from the valuation of the built environment to the 

estimation of housing attribute demand have revealed hedonic house price modelling to be a 

powerful econometric tool”. 
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4.1.2.2 Hedonic house price modelling 

In modelling a housing market with hedonic price modelling method, the housing good is 

assumed to be composite and heterogeneous (Cheshire and Sheppard, 1995). In reality, 

residential property is a multidimensional commodity and distinctively characterized by its 

own set of hedonic characteristics, such as durability, structural inflexibility, and spatial fixity 

(So et al., 1997; Nagaraja et al., 2011). The method of hedonic equations is used to 

decompose expenditures on houses into measurable attributes to enable comparisons and 

predictions of house prices (Malpezzi, 2002). Typically, hedonic housing characteristics are 

divided into locational attributes, structural attributes, neighbourhood attributes and other 

features (Goodman, 1989; Chin and Chau, 2003). Accordingly, a general form of hedonic 

house price model can be expressed as 

, , ,  (4.2)

where P is the price vector of individual properties, L represents locational attributes, S 

represents structural attributes, N represents neighbourhood attributes and O represents other 

features. Generally, a linear additive regression model is adopted, and then the model can be 

rewritten as 

 (4.3)

where , , ,  and  are regression parameters. This form of model is easy for solution via 

ordinary least squares (OLS). To incorporate a spatial element, spatially varying coefficients 

can be calibrated by local regression techniques, including the expansion method (Casetti, 

1972), multilevel approach (Gelfand et al., 2007) and GWR (Brunsdon et al., 1996; 

Fotheringham et al., 1998). 



74 

 

The three types of characteristics, L, S and N, form a basic regression framework for hedonic 

house price models. A residential property is tightly associated with its structural attributes, 

which refer to the physical features of a house, mainly including floor area, the number of 

rooms, the number of bedrooms, the number of bathrooms, house age, house type and 

conditions of garden, garage, and central heating system. Numerous attempts have been made 

to study the relationships between house prices and these structural attributes (e.g. Garrod 

and Willis, 1992; Fletcher et al., 2000; Fotheringham et al., 2002; Yu, 2007). In particular, 

floor area is generally regarded as the principal structural attribute (Orford, 2000). It is a 

strong determinant of the sale price of a property, as buyers are willing to pay more for more 

space, especially functional space (Chin and Chau, 2003).  

The location of a house has been frequently explored in previous studies, which is reflected 

by the inclusion of locational attributes. Chin and Chau (2003) summarized this type of 

characteristic into two sub-categories: fixed and relative locational attributes. The fixed 

locational attributes are quantified with respect to the whole urban area by measuring some 

form of accessibility; while the relative locational attributes are quantified through surrogate 

measures, including socio-economic class, ethnic composition, aesthetic attributes, pollution 

levels, and proximity to local amenities (Dubin and Sung, 1990; Chin and Chau, 2003). In 

practice, transportation accessibility has been shown to have a significant influence on house 

prices when considering trade-offs between housing costs and travel costs (Chin and Chau, 

2003). Hence, accessibility or availability to transportation stations, shopping centre, central 

business districts, city centre, schools, hospitals and other public facilities, which is often 

measured by travelling time, cost of travel, and proximity to subway and railway stations, has 

been repeatedly included in hedonic house price models (e.g. So et al., 1997; Adair et al., 

1998; Fotheringham et al., 2002; Gao and Asami, 2005; Kestens et al., 2006; Long et al., 

2007; Löchl and Axhausen, 2010). Moreover, the location of a property might also have a 
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significantly positive influence on the price if it has good views, such as a sea, a lake, a forest, 

a park view, or a golf course (see Benson et al., 1998). In contrast, if a house is near to an 

airport or factories, it will produce negative impacts on the price due to the potential air or 

noise pollution (e.g. Pennington et al., 1990; Murthy et al., 2003; Chay and Greenstone, 2005; 

Van Praag and Baarsma, 2005; Jud and Winkler, 2006). 

The neighbourhood attributes used in previous research can be classified into three categories: 

1) socio-economic variables, 2) public services and 3) various externalities in the local 

surrounding environment (Bowen et al., 2001; Chin and Chau, 2003). In terms of socio-

economic variables, the characteristics of the surrounding neighbourhood, including the 

social class of local residents, household incomes, occupations of the inhabitants, 

unemployment rate, crime rate, ethnic diversity, residential quality, land use and non-

residential activities can be specified in a hedonic house price model (e.g. Brasington, 2004; 

Long et al., 2007; Kim et al., 2010; Määttänen and Terviö, 2010). In modelling a housing 

market, the public services available in surrounding neighbourhoods are also concerns 

including schools of good quality, a hospital, a police station or places of worship (e.g. 

Carroll et al., 1996; Huh and Kwak, 1997; Marco, 2008; Díaz-Garayúa, 2009). 

In housing market studies, spatial dependence and heterogeneity have been widely explored 

in the last decade. An important issue has been addressed by Orford (2000) that the 

contextual nature of the housing attributes needs to be explicitly incorporated via proper 

hedonic specification, which is essential to successfully model the spatial dynamics of the 

housing market. Misspecification of the hedonic model might result in the estimation of 

unreliable and biased parameters. This has received considerable attention in recent hedonic 

house price research (e.g. Dubin and Sung, 1990; Can, 1992; Can and Megbolugbe, 1997; 

Basu and Thibodeau, 1998). Similarly with the household attribute selection discussed by 
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Hurtubia et al. (2010), the feasibility and convenience of hedonic characteristics will depend 

on data availability and the statistical significance of each attribute in the particular case 

being studied. 

4.2 British house price data11 

In this thesis, most of the experiments are carried out using British house price data, which 

has been kindly provided by the Nationwide Building Society of UK. There are 22134 

records on houses that were sold in 2001. These records are geo-coded using the postcode of 

each property. Moreover, a collection of house attributes are available in this sample dataset, 

including purchase price, floor area, date of construction, and other conditions (central 

heating, parking and bedrooms). As proxies of the local household income conditions, 

unemployment and occupation variables are taken from the 2001 population census data of 

the UK.  

The data set is modelled using GWR to explore the spatial non-stationarity in the 

relationships between house price and the corresponding determinants. The dependent 

variable is the sale price of each property in GBP, which is denoted as PURCHASE. 

According to both the hedonic house price modelling method and the available information in 

this dataset, PURCHASE can be decomposed into two categories of explanatory variables: 

structural and neighbourhood attributes. The locational attributes of individual properties 

could be directly reflected in the GWR technique per se, where the absolute locations of 

houses are used for model calibration. 

                                                            
11 The dataset covers England and Wales only. The mechanisms of house purchase in Scotland are different 

from England and Wales. 
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The structural features of a house include floor area, the number of rooms, the number of 

bedrooms, the number of bathrooms, conditions of garage and central heating system, house 

age, and house type. The structural variables are designated as follows: 

 FLOORSZ is the floor size of the property in square metres; 

 GARAGE1 is 1 if the house has one or more garages, 0 otherwise; 

 BATH2 is 1 if the house has 2 or more bathrooms, 0 otherwise;  

 BEDS2 is 1 if the property has 2 or more bedrooms, 0 otherwise; 

 CENTHEAT is 1 if the house has central heating, 0 otherwise; 

As for the house age, a set of dummy variables are used to depict the age of the property, as, 

 BLDPWW1 is 1 if the property was built prior to 1914, 0 otherwise; 

 BLDINTW is 1 if the property was built between 1914 and 1939, 0 otherwise; 

 BLDPOSTW is 1 if the property was built between 1940 and 1959, 0 otherwise; 

 BLD60S is 1 if the property was built between 1960 and 1969, 0 otherwise; 

 BLD70S is 1 if the property was built between 1970 and 1979, 0 otherwise; 

 BLD80S is 1 if the property was built between 1980 and 1989, 0 otherwise; 

 BLD90S is 1 if the property was built between 1990 and 2000, 0 otherwise; 

Another bundle of dummy variables depicts the type of a property, as follows: 

 TYPEDETCH is 1 if the property is detached, i.e. it is a stand-alone house, 0 

otherwise;  

 TYPESEMIDETCH is 1 if the property is semi-detached, which shares a common wall 

with one neighbour, 0 otherwise; 

 TYPETRRD is 1 if the property is in a terrace of similar houses, 0 otherwise; 

 TYPEFLAT is 1 if the property is a flat or apartment, 0 otherwise. 

 TYPEBNGLW is 1 if the property is a bungalow (i.e. it has only one floor), 0 

otherwise; 
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Furthermore, local economic indicators as neighbourhood features are considered in 

explaining the spatial variation of house prices. These variables come from the 2001 census, 

and are defined as follows: 

 UNEMPLOY is the rate of unemployment in the census enumeration district in which 

the house is located;  

 PROF is the percentage of the workforce in professional or managerial occupations in 

the census enumeration district in which the house is located;  

 

Figure 4-1 Samples of British house price data in the London area and the West Midlands 
County 

To aid in computational efficiency, a subset of the British house price data in London was 

chosen as the main experimental sample space. At the same time, samples from the West 

Midlands County (WMC) are selected for verification. The two samples are shown in Figure 

4-1, and are described briefly in the next two sections. 
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4.2.1 London house price data 

London is the capital city of the United Kingdom and is also the largest metropolitan area in 

the UK. It consists of 33 boroughs. The sample of London house price data has 2108 records 

of properties sold within London during the 2001 calendar year12. 

 

Figure 4-2 Average prices for thirty-three London Boroughs 

To get a general view of the spatial variation in the sample of house prices, figure 4-2 shows 

a map of the average prices of properties sold in each of the 33 London boroughs. There is a 

clear variation even in the average prices across London: the average price varies from 

£83,638 to £233,375, and has a general trend that runs from high values in the west to lower 

values in the east; the lowest prices appear in the northeast boroughs, especially Barking, 

while the highest ones turn up in the midwest boroughs, including Camden, Kensington and 

Chelsea, and Richmond upon Thames. This trend is also clearly shown in the boxplot of 

house prices grouped by the different boroughs in which each house is located, as presented 

                                                            
12 This is about 30% of all sales in London in 2001, and the sample is used for computational convenience. 
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in figure 4-3 (Borough names are shown in table 4-1). This boxplot reveals some interesting 

patterns such as the differences between “consistently expensive” areas, including 

Kensington and Chelsea (which has no outliers) and “generally cheaper” areas such as 

Barking and Dagenham (although there are some unusual outliers in this borough). 

 

Figure 4-3 Boxplot of house prices grouped by located London boroughs 

I used a parallel coordinate plot (PCP) to identify the continuous attributes, as figure 4-4 

shows. This figure indicates that the higher cost of a house generally corresponds to a larger 

floor area, lower unemployment rate and higher proportions of professional or managerial 

occupations. However, the complex situations of these cross-lines imply that the relationships 

between house price and these continuous attributes are not homogeneous across space. The 

PCP also presents the correlations between the nearby two variables. It indicates that there is 

a significantly positive correlation between sale price and floor area with a correlation 

coefficient (CC) equal to 0.71, while the unemployment rate is negatively correlated with the 

proportion of professional occupations (CC: -0.53). 
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Table 4-1 Borough names corresponding to the No. in figure 4-313 

No. Borough name No. Borough name No. Borough name

1 
Barking and 

Dagenham 
12 Greenwich 23 Lambeth

2 Barnet 13 Hackney 24 Lewisham

3 Bexley 14 
Hammersmith and 

Fulham
25 Merton

4 Brent 15 Haringey 26 Newham

5 Bromley 16 Harrow 27 Redbridge

6 Camden 17 Havering 28 
Richmond upon 

Thames

7 City of London 18 Hillingdon 29 Southwark

8 City of Westminster 19 Hounslow 30 Sutton

9 Croydon 20 Islington 31 Tower Hamlets

10 Ealing 21 Kensington and Chelsea 32 Waltham Forest

11 Enfield 22 Kingston upon Thames 33 Wandsworth

Other exploratory boxplots produced by grouping the house prices by house type, house age, 

presences of garage and central heating, numbers of bathrooms and bedrooms, respectively 

are shown in figures 4-5, 4-6, 4-7, 4-8, 4-9 and 4-10. For different types of houses, detached 

                                                            
13 The locations of these boroughs in London are mapped in Appendix A; so are the locations for the boroughs 

mapped for the West Midlands. 
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houses are sold at the highest prices while the flats attract the lowest prices. From figure 4-6, 

it seems that the house age has no clear impact on the house prices. Figures 4-7 and 4-8 

indicate that most of the properties sold in London have a central heating system, while less 

than half of them have no garage. Both of these attributes lead to a slight increase in the sale 

prices. In figure 4-9, the properties with two or more bathrooms show a strong positive 

relationship with sale prices. Unfortunately, the situation with number of bedrooms is not so 

clear, as indicated by figure 4-10. However, these figures only provide a rough indication of 

the true nature of our data. Detailed and accurate relationships need to be explored by 

regression analysis, especially the spatial non-stationarity explained by the GWR technique. 

In order to investigate whether the means of purchase prices are significantly different within 

each grouping, two-sample t-test and one way analysis of variance (OWANOVA) are applied 

with the functions t.test and aov in the R package stats (R Core Team, 2011). The results are 

presented in tables 4-2, 4-3 and 4-4. Seen from these tables, the differences of purchase prices 

means grouped by each set of dummy or binary variables are strongly significant according 

these tests. 

 

Table 4-2 OWANOVA results of grouping by house type 

 Df Sum Sq Mean Sq F value Pr(>F) 

House type 1 1.8573e+12 1.8573e+12 396.61 < 2.2e-16 

Residuals 2106 9.8621e+12 4.6829e+09   
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Table 4-3 OWANOVA results of grouping by house type 

 Df Sum Sq Mean Sq F value Pr(>F) 

House age 1 4.4765e+11 4.4765e+11 83.639 < 2.2e-16 

Residuals 2106 1.1272e+13 5.3522e+09   

 
 
 

Table 4-4 Two sample t-tests with the four binary variables 

 T value DF p-value  T value DF p-value 

CENTHEAT -10.2588 298.862 < 2.2e-16 GARAGE1 -7.8841 619.955 1.433e-14 

 T value DF p-value  T value DF p-value 

BATH2 -12.3712 137.776 < 2.2e-16 BEDS2 -20.1429 1541.81 < 2.2e-16 

 
 
 
 

 

Figure 4-4 Parallel coordinate plot of four continuous variables and correlation coefficients 
(house price, floor area, unemployment rate and proportion of professional occupations)14 

 

                                                            
14 The parallel coordinate plot is produced with the Geo-visualization tools kindly provided by Peter Foley who 

is a PhD student in National Centre for Geocomputation, and the same for the following parallel plots. 
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Figure 4-5 Boxplot of house prices grouped by house types 

 
Figure 4-6 Boxplot of house prices grouped by house ages 
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Figure 4-7 Boxplot of house prices 

grouped by presence of garage 

 
Figure 4-8 Boxplot of house prices 

grouped by presence of central heating 

 

Figure 4-9 Boxplot of house prices 
grouped by the presence of two or more 

bathrooms 

 

Figure 4-10 Boxplot of house prices 
grouped by presence of two or more 

bedroom 

4.2.2 West Midlands County house price data 

The WMC is a metropolitan county located in western central England, and consists of seven 

metropolitan boroughs: the City of Birmingham, the City of Coventry, the City of 

Wolverhampton, Dudley, Sandwell, Solihull, and Walsall. This area is selected to verify any 
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conclusions derived from the London house price data. The sample of house price data in this 

area has 1531 house sale records, for which the locations are presented in figure 4-1. Very 

differently from the London data set, the WMC data points are unevenly distributed, such that 

the points are very sparse in Solihull. 

To get an overview of this data set, I also visualized it with average prices mapped within 

boroughs, boxplots and a PCP to explore the relationships between house prices and the 

corresponding attributes. The average price in Solihull is clearly the highest, while price 

varies very little in the rest boroughs, as shown in figure 4-11 and 4-12. Furthermore, the 

individual house prices vary a great deal, ranging from £ 15,500 to £375,000 within each 

borough.  

In the PCP shown in figure 4-13, similar trends are evident, while the unemployment rate and 

proportion of professional occupations are more negatively correlated (CC: -0.71). The lower 

house prices are apt to be affected by higher rates of unemployment and lower proportions of 

professional or managerial occupations. Figure 4-14 indicates that the detached houses have 

the highest average price in this area, while the mean prices of the flats and terraced houses 

seem to be the lowest. Figure 4-15 suggests that the house age does not have a noticeable 

impact on the house price variations. In this area, most of the houses come with a garage and 

central heating system, which induces positive effects on their prices (figure 4-16 and 4-17). 

Furthermore, the presence of two or more bathrooms and bedrooms seems to be much more 

common in this area, and both figures (figure 4-18 and 4-19) indicate that more bathrooms 

and bedrooms accompany higher prices in the market. 
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Figure 4-11 Average prices for seven WMC Boroughs 

 
Figure 4-12 Boxplot of house prices grouped by located metropolitan boroughs 

 
Figure 4-13 Parallel coordinate plot of four continuous variables of the WMC house price 

data and correlation coefficients 
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Figure 4-14 Boxplot of house prices grouped by house type 

 

Figure 4-15 Boxplot of house prices grouped by house age 
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Figure 4-16 Boxplot of house prices 
grouped by presence of garage 

 

Figure 4-17 Boxplot of house prices 
grouped by presence of two or more 

bathrooms 

 

Figure 4-18 Boxplot of house prices 
grouped by presence of central heating 

 

Figure 4-19 Boxplot of house prices 
grouped by presence of two or more 

bedrooms 

In comparison with the London house price data, the relationships between house prices and 

the corresponding determinants in WMC house price data seem to be much clearer. Moreover, 

they are more homogeneous over the study region. The distinctive characteristics in attributes 

and spatial patterns from the London house price data make the WMC house price data an 
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appropriate candidate for verifying the experiments from a different point of view. In essence, 

both data sets are sampled from the British house price data in 2001, and the measures of all 

the variables are the same in each sample, which provides a valid base for the verification and 

comparison of modelling results. In contrast, the dissimilarities offer an opportunity to find 

unrevealed issues from the tests with the London house price data. 

The two-sample t-test and OWANOVA also used to analyze the means of purchase prices 

grouped by the same sets of dummy variables and binary variables. The results are presented 

in tables 4-5, 4-6 and 4-7. The differences of purchase price means grouped by house type or 

the four binary variables are strongly significant within each set of groups. However, the 

means of sale prices grouped by the house age are moderate significant (at the 90% 

significance level). Actually, this is also suggested by figure 4-15 that the relationship 

between house age and purchase price is not clear, but it may be interesting to explore the 

local relationships between them, which will be achieved by the GWR technique. 

Table 4-5 OWANOVA results of grouping by house type 

 Df Sum Sq Mean Sq F value Pr(>F) 

House type 1 3.9932e+11 3.9932e+11 330.39 < 2.2e-16 

Residuals 1528 1.8468e+12 1.2086e+09   

  
Table 4-6 OWANOVA results of grouping by house type 

 Df Sum Sq Mean Sq F value Pr(>F) 

House age 1 4.9571e+09 4957069640 3.3798 0.0662 

Residuals 1528 2.2411e+12 1466695418   
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Table 4-7 Two sample t-tests with the four binary variables 

 T value DF p-value  T value DF p-value 

CENTHEAT -14.351 929.491 < 2.2e-16 GARAGE1 -14.389 995.921 1.433e-14 

 T value DF p-value  T value DF p-value 

BATH2 -9.1439 94.626 1.153e-14 BEDS2 -18.376 147.355 < 2.2e-16 

 

4.3 Modelling with standard GWR technique 

4.3.1 Global regression modelling 

Based on the hedonic price modelling method, house prices are modelled using the 19 

variables presented in the previous section. In this part, OLS is used to regress the house 

prices on these structural and neighbourhood characteristics. However, there is no single 

agreed functional form for hedonic models (Halvorsen and Pollakowski, 1981). To select a 

best fitting model, a stepwise-like selection procedure15 is carried out by comparing AIC 

values from regressions on the London house price data and the results are shown in figure 4-

20. Figure 4-20(a) lists all the tested models with numbered by a sequence of integers; 

correspondingly, the AIC values for each calibration by the OLS are presented in figure 4-

20(b), of which the x-axis represents the model No. shown in figure 4-20(a). 

As we see, the inclusion of four variables, FLOORSZ, PROF, UNEMPLOY and BATH2 in the 

regression model can significantly reduce the AIC value. However, the variables 

UNEMPLOY and PROF are verified to be locally correlated with each other in the London 

                                                            
15 The procedure is designed for specifying a proper regression model based on the AIC variations, and the steps 

will be introduced in the next chapter. 
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house price data set. To avoid the multicollinearity problems that may occur in regression 

analysis (see Farrar and Glauber, 1967; Mansfield and Helms, 1982), especially the high 

correlation between variables may cause problems in GWR calibration (see Wheeler and 

Tiefelsdorf, 2005; Wheeler, 2006; Wheeler, 2007), UNEMPLOY is excluded from the model. 

Furthermore, in order to fully explore the house price data according to the hedonic price 

modelling method, the following variables are also included in the model: TYPEDETCH, 

TYPETRRD, TYPEFLAT, BLDPWW1, BLDINTW, BLDPOSTW, BLD80S, BLD90S, 

CENTHEAT and GARAGE, even though they might not be highly significant in the global 

regression. With this set of variables, the regression model can be constructed as: 

1 80 90 2

1  

(4.4)

In eq. (4.4), the variables are as depicted in the data set,  0, , 13  means the 

regression coefficient and  represents the random error term. 
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(a) View of models appeared in the selection procedure16 

                                                            
16 The dependent variable is in the centre (i.e. PURCHASE in this chart); nodes in different shapes and colours are used to represent distinctive independent variables; each 

line means a specific model, which is numbered with sequential model No. 
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(b) Varying AIC values in the stepwise-like selection 

Figure 4-20 Stepwise-like selection of regression models in accordance with AIC 

Models for both London and the WMC (each using the same variables) are calibrated using 

OLS regression, and their outputs are reported in tables 4-8 and 4-9. Overall, the average 

prices per square metre are very different in these two areas, and it is much higher in London, 

1343.28 (£/m2), more than twice the WMC area, 610.11 (£/m2). The global results provide a 

‘one-size-fits-all’ quantitative assessment of the relationships between house prices and the 

independent variables in equation (4.4). The parameter estimates in both tables suggest that 

the detached houses are the most expensive ones with an increase in value of £ 19389.08 in 

the London area, and £ 26500.17 in the WMC area. Conversely, the terraced houses and flats 

are much cheaper than bungalows and semi-detached houses. Interestingly, the houses built 

in 1960s and 1970s seem to be the cheapest houses, even compared with the older houses. As 

stated by Fotheringham et al. (2002, p35) , “In the United Kingdom, architectural style, 

planning decisions and housing quality during the period of the 1960s all have generally poor 

reputations”.  
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Table 4-8 Global regression coefficients estimate and diagnostic information of London house price data 

Variables Parameter estimate Standard error T value 

Intercept -92334.56 6573.56 -14.05 

FLOORSZ 1343.28 39.15 34.31 

TYPEDETCH 19389.08 5357.63 3.62 

TYPETRRD -12186.11 2862.82 -4.26 

TYPEFLAT -11551.33 3196.49 -3.61 

BLDPWW1 31621.26 2953.54 10.71 

BLDINTW 19612.31 3091.62 6.34 

BLDPOSTW 9045.90 4121.35 2.19 

BLD80S 22843.16 3964.62 5.76 

BLD90S 27009.43 5271.04 5.12 

BATH2 40395.18 4065.50 9.94 

CENTHEAT 9411.32 3116.03 3.02 

GARAGE 854.51 2479.73 0.34 

PROF 2516.14 83.81 30.02 

Diagnostic information   

Adjusted R-squared 0.711647    

Residual sum of 

squares:  
3356865073063.41    

AIC 50677.90    
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Table 4-9 Global regression coefficients estimate and diagnostic information of WMC house price data 

Variables Parameter estimate Standard error T value 

Intercept -38028.63 3093.77 -12.29 

FLOORSZ 610.11 24.75 24.65 

TYPEDETCH 26500.17 2049.77 12.93 

TYPETRRD -7839.18 1315.63 -5.96 

TYPEFLAT -4876.64 2068.28 -2.36 

BLDPWW1 647.01 1879.81 0.35 

BLDINTW 7077.80 1532.35 4.61 

BLDPOSTW 2936.19 2936.19 1.64 

BLD80S 6714.58 2270.56 2.96 

BLD90S 11705.69 2708.39 4.32 

BATH2 13423.29 2455.93 5.47 

CENTHEAT 5948.59 1326.39 4.48 

GARAGE1 5910.95 1186.71 4.98 

PROF 1513.89 55.17 27.44 

Diagnostic information   

Adjusted R-squared 0.734396   

Residual sum of 

squares  
591101285892.37   

AIC 34623.78   

 

In table 4-8 and 4-9, the global results suggest that the houses having two or more bathrooms 

are much higher in sale prices, and there are huge additions for this type of house, 

respectively by £ 40395.18 in London and £ 13423.29 in the WMC. The central heating 



97 

 

system is important for adding value to a house, respectively by £ 9411.32 and £ 6631.41. 

However, the presence of a garage in London housing market seems not to be a significant 

factor and only shows a weak increase in the sale price by £ 854.51, while in WMC it shows 

an increase of £ 6437.30. Moreover, if the ward proportion of professional and managerial 

occupations is increased by one percent, the local house prices will be respectively increased 

by £ 2516.14 in the London area and £ 1513.89 in the WMC area. 

4.3.2 Standard GWR modelling 

Based on the methodologies introduced in chapter 2, the standard GWR analysis is carried 

out on both data sets with the regression model specified in equation (4.4). The local 

parameters are obtained at the same locations as the observations. For a thorough analysis 

using the GWR technique, both fixed and adaptive spatial Gaussian kernels are used here. To 

select an optimum bandwidth for each calibration, the CV approach is used 17 . The 

information for these GWR calibrations are presented in tables 4-10 and 4-11. 

Table 4-10 GWR calibrations over the London house price data 

Fixed spatial kernel  Adaptive spatial kernel 

Bandwidth 2849.07 Bandwidth 307 out of 2108 cases 

Adjusted R-squared 0.866017 Adjusted R-squared 0.854924 

Residual sum of squares  1311034858736.99 Residual sum of squares  1507282112737.49 

AIC 49502.03 AIC 49501.957042 

 

                                                            
17 To be consistent with the following chapters, the CV approach is also used here due to the computational 
convenience. 
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Table 4-11 GWR calibrations over the WMC house price data 

Fixed spatial kernel  Adaptive spatial kernel 

Bandwidth 3723.40 Bandwidth 778 out of 1530 cases 

Adjusted R-squared 0.822695 Adjusted R-squared 0.786609 

Residual sum of squares  357900604497.10 Residual sum of squares  457586445405.33 

AIC 34173.17 AIC 34349.09 

 

The results in table 4-10 and 4-11 show that the GWR technique makes significant 

improvements on estimating local parameters for both sampling data sets. For the London 

house price data, both types of calibrations achieve a substantial reduction in AIC values by 

around 1175 and an increase in R squared values by more than 15 percent. For the WMC 

house price data, the improvements due to GWR are also significant, though they are not so 

substantial. In the WMC, the fixed bandwidth kernel function shows a much better 

performance than the adaptive type with a reduction in AIC value by 175.92, which 

represents a very significant improvement. This phenomenon is not consistent with an 

empirical rule of GWR that the adaptive bandwidth may perform better than the fixed one 

with uneven spatial distribution of data points, as in the WMC the points are sparse in 

Solihull district while very intensive in Birmingham district. The reasons for this can be a 

subject of further study. 

To observe the spatial non-stationarity for each parameter, statistical hypotheses tests are 

conducted on both sampling data sets. For this purpose, the Leung’s F3 significance test 

(Leung et al., 2000b) and Monte Carlo approach (Brunsdon et al., 1998) are used for the 

calibrations on both data sets with the optimum fixed kernels, and the results are presented in 
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table 4-12 and 4-13. The results of the Monte Carlo test on the London house price data 

suggest that the local parameter estimates for the variables FLOORSZ, TYPEDETCH, 

BLDPWW1, BLD90S and PROF exhibit significant non-stationarity. The results from both 

the Monte Carlo approach and Leung F3 test consistently show that BLDINTW, BLDPOSTW 

and CENTHEAT are not significantly varying over the study region. As for the WMC house 

price data, the hypotheses tests from the two approaches are very different from each other. 

The Monte Carlo test shows that only the estimates of TYPEDETCH and GARAGE show 

obvious significant variation, but the Leung F3 test indicates that all the estimates are 

significantly varying over the study region. The inconsistency between the two approaches 

forms another interesting area for future research. 

The regression model shown as eq. (4.4) is calibrated using standard GWR with both London 

and the WMC house price data sets. For each calibration, 14 estimates of all the parameters in 

the model can be generated, and we can produce corresponding maps for them. Examples of 

these are provided as figures 4-21 and 4-22, where the estimates of parameter FLOORSZ in 

London and the WMC with optimum fixed kernels, together with the adjusted t test surfaces, 

are visualized. Here the t tests are adjusted by the Byrne-Fotheringham approach (Byrne et al., 

2009) at the 95% significance level, which is described in chapter 2. Figure 4-21(a) presents 

the estimated average price (£/m2) in London area. Different from the trend shown in figure 

4-2, a smoother and more detailed pattern is shown here. The values vary from 630 £/m2 to 

2452 £/m2 across the London area; even inside most of the boroughs there are clear varying 

patterns. The values are higher in the midwest boroughs than the edge boroughs, notably they 

peak in the boroughs around the ‘City of London’ and the western part of the River Thames. 

In the WMC area, the average price (£/m2) is much lower than that in London area and shows 

variations from £ 165 to £ 949, as shown in figure 4-22(a). The values peak in the west of 
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Wolverhampton, the north of Birmingham and the junction between Solihull and Coventry. 

In contrast, the information presented in figure 4-5 seems to be much poorer.  

Table 4-12 Statistical tests for spatial non-stationarity on the GWR calibration with a fixed spatial kernel over the 
London house price data 

Variables 

Leung F3 significance test Monte Carlo 

significance test 

(p-value) 
F statistic 

Numerator 

DF 

Denominator 

DF 
P-value 

Intercept 2.87353 546.80122 1784.9 0.00000 0.13000

FLOORSZ 9.40664 390.54457 1784.9 0.00000 0.00000

TYPEDETCH 8.09804 25.06650 1784.9 0.00000 0.00000

TYPETRRD 1.60658 229.74015 1784.9 1.651e-07 0.50000

TYPEFLAT 2.50940 260.18693 1784.9 0.00000 0.07000

BLDPWW1 3.24619 97.16611 1784.9 0.00000 0.00000

BLDINTW 0.91442 412.59275 1784.9 0.8709 0.90000

BLDPOSTW 0.70391 137.84337 1784.9 0.9958 0.97000

BLD80S 1.57589 249.46690 1784.9 2.122e-07 0.36000

BLD90S 3.50351 65.10653 1784.9 0.00000 0.00000

BATH2 3.99733 112.80985 1784.9 0.00000 0.75000

CENTHEAT 1.00338 179.39468 1784.9 0.4758 0.87000

GARAGE 1.62574 221.67089 1784.9 1.221e-07 0.46000

PROF 2.42923 585.75936 1784.9 0.00000 0.00000
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Table 4-13 Statistical tests for spatial non-stationarity on the GWR calibration with a fixed spatial kernel over the 
WMC house price data 

Variables 

Leung F3 significance test Monte Carlo 

significance test 

(p-value) 

F 

statistic 

Numerator 

DF 

Denominator 

DF 
P-value 

Intercept 3.0522 364.8374 1387.5 0.00000 0.28000

FLOORSZ 3.5302 219.9215 1387.5 0.00000 0.69000

TYPEDETCH 3.0491 61.9439 1387.5 1.421e-13 0.23000

TYPETRRD 1.3475 446.9009 1387.5 3.369e-05 0.24000

TYPEFLAT 1.2933 204.5455 1387.5 0.005678 0.49000

BLDPWW1 2.8455 390.8865 1387.5 0.00000 0.03000

BLDINTW 2.7839 393.2731 1387.5 0.00000 0.00000

BLDPOSTW 1.6790 326.3058 1387.5 1.663e-10 0.18000 

BLD80S 1.3330 122.0464 1387.5 0.011388 0.51000

BLD90S 2.4510 61.8174 1387.5 7.048e-09 0.33000

BATH2 7.4041 76.8189 1387.5 0.00000 0.12000 

CENTHEAT 1.1484 359.8447 1387.5 0.045338 0.24000

GARAGE 1.6585 609.7936 1387.5 1.696e-14 0.15000

PROF 3.0180 481.2794 1387.5 0.0000 0.17000

 

The adjusted t test surfaces are respectively shown in figures 4-21(b) and 22(b) for these two 

estimates. The results indicate that the location-specific estimates of FLOORSZ are mostly 

significant at the 95% confidence level in both London and the WMC. However, it is not 

significant in the middle area of Solihull, which might be caused by the sparse density of data 

points. 
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The other estimates of coefficients are also visualized with choropleth surface maps, and 

accompanied by the corresponding t test surfaces. All these maps are presented in Appendix 

B. There are two guidelines to understanding these maps: 

I. Compare the spatial patterns of coefficient estimates with the original attribute 

descriptions of London and the WMC data sets; 

II. Associate the coefficient estimates with the corresponding t test surfaces which show 

areas that are significant at the 95% confidence level.  

        

             (a) Estimate of FLOORSZ                   (b) T test of the local estimate of FLOORSZ        

Figure 4-21 GWR calibration results on the London house price data with a fixed spatial 
kernel 

              

                 (a) Estimate of FLOORSZ                (b) T test of the local estimate of FLOORSZ  

Figure 4-22 GWR calibration results on the WMC house price data with a fixed spatial kernel 
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4.4 Summary 

In summary, this chapter describes the experimental data sets and presents a basic model 

framework based on the hedonic house price modelling theory. It provides a good data 

preparation and model pre-testing for the experiments in the next two chapters. 

In the first part of this chapter, the modelling methods on the housing market were reviewed, 

especially the hedonic price modelling method. The hedonic house price modelling method is 

investigated from previous studies, and the characteristics associated with house prices are 

divided into three categories: locational, structural and neighbourhood features. 

In the second part, the British house price data set is introduced. Based on the hedonic house 

price method, structural and neighbourhood variables are derived from this data set. Due to 

computational efficiency constraints, two subsets are sampled from the whole data set: the 

London and WMC house data sets, and will be used for subsequent experiments. 

Finally, the standard GWR technique is employed to calibrate the specified hedonic price 

regression model, of which the results show that the spatial variations of parameter estimates 

are significant in comparison with the OLS approach. Moving forward with the GWR 

modelling framework, the network distance and travel time will be used in GWR calibrations 

in the following chapter. 
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Chapter 5 GWR with non-Euclidean distance metrics  
 

A distance metric is a fundamental concept in any comprehensive ontology of space and it 

especially plays a central role in reflecting the distance-decay effect in spatial analysis, 

including the GWR technique. As depicted in chapter 3, the degree of connectedness between 

two places may not always be optimally represented by a straight line. An area might be 

divided by a river or buildings and connected internally by bridges or roads; surface distance 

would be more reasonable in a mountainous area. In this chapter, network distance (ND) and 

travel time (TT) are used to explore the spatially varying relationships between the house 

prices and corresponding determinants using the GWR technique. 

The structure of this chapter is as follows: (i) the approach to calculating ND and TT with 

given road network data and data points is introduced; (ii) a stepwise-like AICc based method 

is proposed for specifying good models from a given set of variables; (iii) the London house 

price data are modelled with the GWR technique, which is calibrated with ND and TT; (iv) 

the model using WMC house price data is calibrated with ND to verify these conclusions 

from a different point of view; and (v) the chapter ends with a brief summary. Furthermore, 

the surfaces of coefficient estimates from the relative calibrations are produced and provided 

in Appendix C. The reader is warned that section (iii) incorporates the results from 364 

separate models and this makes the chapter very long. 

5.1 Calculating network distance and travel time: methods 

5.1.1 Road network data 

The road network data are produced by the Ordnance Survey (OS) in UK, and available in 

the Strategi package in OS OpenData. In this package, the roads are categorized into four 
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types, such as motorway, A-road, B-road and minor road. The road networks of London and 

WMC area are shown in figure 5-1. 

 

(a) London road network 

 

(b) WMC road network 

Figure 5-1 Road network data used in the experiments 

These categories are identified in the Great Britain road numbering scheme. As introduced by 

Marshall (2011), British roads are roughly divided into two categories, trunk roads and non-

trunk roads, which are known as minor roads in Ireland. The trunk roads are classified in 

three tiers: motorway, A-road and B-road, accordingly numbered by digital numbers prefixed 

with ‘M’, ‘A’ or ‘B’. A motorway is a type of road reserved for rapid motorised traffic only, 
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usually featured in long length, dual carriageways, with grade-separated junctions and free 

from slow-moving or pedestrian traffic. A-roads denote the best and most-used all-purpose 

roads in the UK, while B-roads represent the second-class roads, which tend to be shorter 

links connecting local areas, like villages, or town and city streets. 

5.1.2 Network distance and travel time calculations 

To efficiently calculate the ND or TT, a solution based on graph theory is proposed. The 

principle is to convert a network of a vector format into a graph, and calculate the shortest 

path distance using algorithms in graph theory. In the following three sections, the graph data 

model is proposed, an R package named shp2graph to convert a network into a graph is 

introduced and the procedures for calculating ND and TT in R are clarified. 

5.1.2.1 Modelling road network with graph data model 

Graph theory has been widely used and established it as one of the central tools in spatial 

analysis on a road network since its emergence marked by the resolution of the Königsberg 

bridge problem by Euler in 1736 (Fowler, 1988; Hostis, 2007). According to Beauquier, 

Berstel and Chrétienne, “Graphs constitute the most widely used theoretical tool for the 

modelling and research of the properties of structured sets. They are employed each time we 

want to represent and study a set of connections (whether directed or not) between the 

elements of a finite set of objects” (cited in Mathis, 2007, p xvi). 

A graph is constituted of two finite collections of vertices and edges (links between vertices) 

(Smith et al., 2007), and its formulaic expression could be denoted as: 

G=(V, E), where V= , ,  is the set of vertices and E= , ,  is the set of 

edges. 
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In addition, a function w w v , v v , v E  can be defined for weighting the edge 

(relationship) between two vertices. When this relation between two vertices is directed, it is 

called a directed edge (i.e. arc); conversely, it is called an undirected edge. If a graph includes 

directed edges, it is called a directed graph, while it is called an undirected graph if all the 

edges in a graph are undirected. 

A geospatial vector map, in which road segments are recorded as polyline objects, i.e. 

spaghetti collections of 2D coordinates, is one of the most common ways to represent a 

physical road network. In this way, the physical road network could be analyzed or visualized 

properly by computer (George and Shekhar, 2008). Graph theory provides one of the most 

effective means to model transport networks, where the nodes of a graph are associated with 

network nodes and edges are associated with links (e.g. Mainguenaud, 1995). The principle 

of mechanical graph description makes it possible to benefit directly from the calculating 

power offered by computers (Appert and Chapelon, 2007). 

A direct way to represent a physical road network with a graph is to abstract endpoints of the 

road segments as nodes and the road segments as edges, recorded in a list or matrix (Lu et al., 

2010). The structural framework is constructed as figure 5-2. A list is a general structure to 

represent a graph, especially suitable for a sparse graph. It has great advantages in the 

flexibility of edge attributes’ expression, representational efficiency and compatibility for 

multiple-edges. A matrix is the other common structure to express a graph. Generally it is a 

square matrix with rows and columns labelled by nodes. If the element is assigned to 1 for an 

adjacent relationship between two nodes, otherwise 0, it is termed an adjacency matrix or 

associated matrix. The adjacency matrix makes it easy to present an impression of the spatial 

structure of the physical network and reflect its topological properties. It has a major 
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advantage that the analysis of the graph structure can be performed using well-known 

operations on matrices (Blanchard and Volchenkov, 2008). 

Edge list

NodeID1 …NodeID2

Matrix

1ID 2ID 
nID

1ID

2ID



nID

0 1

ij

or

a Edgelength


 

 

Node list

IDID XX YY ……

 
Figure 5-2 Structural framework of graph data model 

5.1.2.2 R package “shp2graph” 

The R system (R Development Core Team, 2011) is a free software environment for 

statistical computing and graphics. R has been extended with classes and methods for spatial 

data since the development of the package sp (Pebesma and Bivand, 2005b), and numerous 

packages are available for processing spatial data (see Bivand, 2007). Based on the R 

platform, and packages such as maptools (Lewin-Koh and Bivand, 2011a), graph 

(Gentleman et al., 2011) and igraph (Csardi and Nepusz, 2006), an R package named 

shp2graph (Lu and Charlton, 2011) has been developed to convert a SpatialLines or 

SpatialLinesDataFrame object to a graphNEL, graphAM or igraph object. The functional 

framework is shown in figure 5-3. 
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Figure 5-3 Functional framework of package shp2graph 

                       

                       (a) Dangling arc                                                   (b) Undershoot 

                       

                        (c) Overshoot                                                       (d) Missing interaction 

Figure 5-4 Topology errors in a network of vector format 
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Figure 5-5 Example map returned by the function nt.connect() 

 

 

(a) Represent each point as the nearest 
node on the network 

 

 (b) Represent each Point as the nearest 
point on the network 
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(c) Add a new edge between each point 
and the nearest node 

 

(d) Add a new edge between each point 
and the nearest point 

Figure 5-6 Four options to integrate data points into a network in the function 
points2network() 

The functions of package shp2graph18 are mainly designed in five parts, as follows: 

 Extract nodes and edges of a spatial network: Import the given spatial vector map, 

such as an ESRI shapefile, into R by functions in maptools as a “SpatialLines” or 

“SpatialLinesDataFrame” object; then the function readshpnw() is designed to extract 

the nodes and edges in the network data and return the results as a nodelist and 

edgelist. 

 Check connectivity of given network: There might be some topological errors in the 

network, including dangling arc, overshoot, undershoot or missing interaction (as 

illustrated in figure 5-4). These topology errors may cause a serious connectivity 

problem, and bring about problems for the network-graph conversion, as the 

correctness of network topology is the most fundamental thing for its graph 

                                                            
18 See the manual and source code in http://sourceforge.net/projects/shp2graph/ 
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representation. Accordingly, the function nt.connect() is developed, in which a map 

with each self-connected part distinctively coloured is returned, as shown in figure 5-

5. 

 Integrate data points into network: The computations on a graph are always carried 

out on the nodes and edges, but a separate set of data points might be involved; in this 

situation, these points must be integrated into the network, which is achieved by the 

function points2network() with four options, as shown in figure 5-6. 

 Optimize the structure of network: In a network, some specific structures are 

redundant for graph computations, such as self-loop, multiple edges and pseudo node. 

Then, the functions SL.extraction(), ME.simplification() and PN.amalgamation() are 

designed to remove these structures (see details in Lu et al., 2010). 

 Convert a network to a graph: There are three functions to convert the extracted node 

list and edge list to a graph, i.e. nel2igraph(), nel2graphNEL() and nel2graphAM() 

that respectively correspond to a class of graph object in R: igraph, graphNEL and 

graphAM. Furthermore, in this process the edge length can be computed to weight the 

converted graph. 

5.1.2.3 Calculate ND and TT in R 

To calibrate a GWR model, a distance matrix is required to be calculated between regression 

points and observations. Hence, the ND and TT matrices are required. Then, the question 

becomes the calculations of a ND or TT matrix for GWR model calibration. In graph theory, 

there are plenty of solutions or algorithms available for doing this kind of computation (see 

the boost graph library  in Siek et al., 2002). With the package shp2graph, we can calculate 

the ND or TT matrix between given regression points and observations in R, for which the 

procedure is designed as follows: 
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I. Import point data as a SpatialPointsDataFrame object and network data as a 

SpatialLinesDataFrame object in R. 

II. Check the connectivity of the network data by the function nt.connect(), if the 

network is a path network19, then go to the next step; otherwise, correct the topology 

errors until it satisfies the conditions of a path network. 

III. Integrate point data into the given network using the function points2network() if it is 

needed, for which the options (as shown in figure 5-5) can be made in accordance 

with the requirements of accuracy and computational efficiency. 

IV. Convert the network from a SpatialLinesDataFrame object to a graph object, and in 

this step two points are supposed to be noted: nel2igraph(), nel2graphNEL() and 

nel2graphAM() produce three different types of graph objects, which suit different 

algorithms or functions. It is very important to properly weight the edges of the 

converted graph, length of road segment for calculating ND, while travel time cost for 

TT. 

V. Calculate the shortest path distances between specified nodes, which represent 

corresponding data points. In R package RBGL (Carey et al., 2011a), the function 

sp.between() is developed for a graphNEL or graphAM object using Dijkstra's 

algorithm; while in igraph the function shortest.paths() is designed to calculate the 

length of shortest path by using breadth-first search in the graph theory. 

To get the relative accurate TT, the speed limits are used as the average speeds for each road 

link. The locations of the speed limits are provided by the Transport for London and used for 

intelligent speed adaptation technology (Transport for London, 2011). Based on these 

locations, a map of speed limits for the road links over London is produced in figure 5-7. 

                                                            
19 The concept is defined in chapter 3, and especially the connectedness property is emphasized here. 
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According to the speed map, the TT matrix is calculated for the London house price data. 

Notably, the TT is measured in seconds in the following case studies. 

 

Figure 5-7 Speed limits of London road network 

5.2 Non-Euclidean distance metrics in practice 

In chapter 4, 13 variables were selected to explain the house prices, and the standard GWR is 

used to calibrate the model including all these variables with both London and WMC house 

price data. The focus of this chapter is to use a non-Euclidean distance (non-ED) metric in 

calibrating a given GWR model. Specifically, ND and TT are tested with the London price 

data. However, TT cannot be calculated for the WMC house price data due to the lack of 

speed information for the road network data within the WMC. Thus, only ND is used with the 

WMC house price data. Accordingly, the methodology of this chapter is defined to solve the 

following two problems: How is a GWR model calibrated using a non-ED metric? What 
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methods can be used to apply ND and TT in exploring the GWR models with the two house 

prices data sets in London and the WMC? 

5.2.1 GWR calibration using a non-Euclidean distance metric 

The primary question for this chapter is about the method of using a non-ED metric in GWR 

calibration. The standard GWR technique has been comprehensively defined in previous 

studies, as introduced in chapter 2. These methods are mature and reliable, and form good 

foundations for this study. The question can be reconstructed as: is there anything different in 

using a non-ED in GWR from the traditional scheme for the standard GWR technique using 

ED? 

 

Figure 5-8 A standard GWR calibration using Euclidean distance 

As depicted in chapter 2, GWR is a local technique analogous with Tobler’s first law of 

geography that emphasizes the influence of spatial proximity on the modelled relationships. 

In practice, the standard GWR technique generally uses Euclidean distance to measure the 

‘spatial proximity’, and then estimates a set of coefficients at each regression point with the 
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distance-decay weighting scheme. This procedure is illustrated in figure 5-8. However, the 

default usage of ED in GWR is doubtful for our case studies. Miller (2004) stated that spatial 

nearness is not only restricted to shortest path relations that obey the metric space conditions 

(see definitions in chapter 3), especially the Euclidean distance. The non-ED metrics have 

been also proved to be meaningful for the Tobler’s first law (e.g. Tobler, 1976; Tobler, 1987; 

Miller, 2004). By the same token, a generalized concept of a distance metric in geographic 

space should also be a concern for the GWR technique, for which a broad range of distance 

metrics can be used. The standard GWR technique can be understood as the most idiomatic 

and typical case. Then, it can be inferred that any meaningful measurement of spatial 

proximity or distance could be derived in GWR. From the perspective of the Tobler’s first 

law, a further proposition can be made that a proper distance metric can improve the 

performance of GWR thanks to its better interpretation of spatial proximity. 

In essence, the existing methods of the standard GWR technique are still valid for a 

generalized concept of a distance metric. From the figure 5-8, it can be seen that the distance 

metric is an essential and particularly separate part in the scheme of the GWR technique. 

Actually, there is no special statement that the distance metric  has to be Euclidean. Thus, 

the distance metric part can be directly replaced by an appropriate non-ED measure instead of 

ED in the standard GWR technique. The theoretical framework of GWR described in chapter 

2 still can be followed with a generalized distance metric, including non-ED metrics. 

5.2.2 Modelling housing price data with GWR using network distance and travel time 

In chapter 4, 13 exploratory variables are selected to be regressed against the property sale 

price with the London and WMC house price data. The model including all the 13 variables 

was studied in the previous chapter (eq. (4.4)), for which the OLS and standard GWR are 

employed. However, there is no single agreed functional form in hedonic price modelling 
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(Halvorsen and Pollakowski, 1981; Fotheringham et al., 2002). To avoid the model 

misspecification problem and thoroughly investigate the performance of a non-ED metric in 

GWR calibration, a stepwise-like procedure is designed here. In this procedure, different 

combinations of the given set of exploratory variables are individually tested, and the 13 

variables are used in this chapter. The procedure is constructed with the following steps: 

Step 1. Start with calibrating a set of models by sequentially regressing an exploratory 

variable (independent variable) against the given dependent variable (i.e. 

PURCHASE);  

Step 2. Find the best performing model which produces the minimum AICc value, and 

permanently include the corresponding exploratory variable in the following models; 

Step 3. Sequentially introduce a variable from the remaining group of exploratory 

variables to construct new models with the permanently included variables, and 

determine the next permanently included variable from the best fitting model that has 

the minimum AICc value;  

Step 4. Repeat Step 2 until all the exploratory variables are permanently included in 

the model. 

In the above procedure, the exploratory variables are iteratively included into the model in a 

forward direction. For the iterations with the same number of independent variables, the 

AICc values are compared to determine which variables are fixed in the following steps. For 

this reason, it is called the stepwise-like AICc procedure. As we see, for a collection of m 

independent variables  different regression models are tested in this procedure. There 

will be a very large number of models to be calibrated if m is large, such as the 13 

exploratory variables in this chapter. Due to the computational efficiency, the bandwidth for 

each calibration in this procedure is selected using the CV approach. Furthermore, the 



118 

 

collection of calibrated models can be recognised in a hierarchy structure that the models 

with the same number of exploratory variables, assumed to be nExpV, form a distinctive level. 

Apparently, there are 1 models in the level with nExpV exploratory variables. 

As introduced in chapter 3, both network distance (ND) and travel time (TT) are important 

distance metrics in GIScience. Undoubtedly, it is feasible to apply them to calibrate a GWR 

model. The previous section discussed the rules to apply a non-Euclidean distance metric in 

GWR: replace the distance element with the new metric to calculate the weighting matrix 

used for relative computations in GWR, while the whole technical framework of GWR is not 

changed. Hence, the aim of the experiments is designed to find whether there is any 

improvement by using a non-ED metric and how much it can do. 

In this chapter, the stepwise-like AICc procedure is implemented on both the London and 

WMC house price data sets. For the London house price data, four series of experiments are 

carried out: 1) the stepwise-like AICc procedure using ND with fixed kernels, 2) the 

stepwise-like AICc procedure using ND with adaptive kernels, 3) the stepwise-like AICc 

procedure using TT with fixed kernels and 4) the stepwise-like AICc procedure using TT 

with adaptive kernels. Simultaneously, all the calibrations are correspondingly repeated with 

the standard GWR technique for comparing the performances between ED metric and non-

ED metrics, i.e. ND and TT. 

5.3 Results from London house price modelling 

By following the guidelines introduced in section 5.2.2, ND and TT are respectively 

employed in GWR calibrations with the London house price data. The four series of 

experiments are interpreted in the next two sections, and a discussion section follows. 
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5.3.1 Calibrations using network distance 

5.3.1.1 Fixed spatial kernel 

 

Figure 5-9 Circle view of tested GWR models using ND with fixed kernels 

The step-wise AICc procedure is undertaken with the London house price data using ND with 

fixed kernels. The results are presented in the charts from figure 5-9 to figure 5-13. Figure 5-

9 gives the view of calibrated models in this procedure. The dependent variable PURCHASE 

is located in the centre of the chart, and the independent variables are represented as nodes 

differentiated by shapes or colours. In addition, each model is specified by a set of nodes 

connected by a corresponding line. This kind of visualization is called a circle view. Notably, 

the model sequential numbers labelled in figure 5-9 are matched with the x-axis (Model No.) 

in the rest of the charts. Furthermore, the levels of the calibrated models are separated by grey 

lines in each chart so as to improve its readability. Inside each level the models sequence is 

sorted by the AICc values in descending order. These tips and rules will be followed as well 

by the relative types of charts in the following sections. 
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Figure 5-10 Chosen bandwidths for calibrations using ED and ND with fixed kernels 

 
Figure 5-11 AICc values of calibrations using ND and ED with fixed kernels 
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Figure 5-12 AIC values of calibrations using ND and ED with fixed kernels 

 

Figure 5-13 Performance evaluations of ED and ND in calibrating GWR models by AICc and 
AIC value differences 

The ED is the shortest measure among all the physical metrics in a geographic space, exactly 

less than or equal to the corresponding measurements of the ND. This is helpful to understand 

the relationships between the selected fixed bandwidths using ED and ND shown in figure 5-

10. Seen from the scatter plot between them in the sub-window of figure 5-10, there is a 

clearly linear scale to describe this relationship. In essence, the bandwidths with ND are 

legitimately enlarged compared with those with ED. To some extent, we can recognise these 
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two kinds of calibrations are under the similar conditions and comparable with each 

corresponding pair of calibrations (with the same regression model). 

Here both AICc (eq. (2.10)) and AIC (eq. (2.41)) values are used to diagnose the calibrations 

using ED and ND. They are respectively shown in figure 5-11 and 5-12. Both figures indicate 

that GWR is always performing better than OLS, as both GWR calibrations using ED and 

ND consistently present significant improvements over the OLS calibrations according to the 

AICc and AIC values. However, these two figures cannot provide a clear judgement on the 

general performances of ED and ND based on the corresponding AICc and AIC values. 

According to the statistical meanings of AICc and AIC values, all the tested models shown in 

figure 5-9 were divided into three categories by evaluating the performances of ED and ND 

in their calibrations: 

 ND clearly winning model: if AICc and AIC values of the ND calibration are both 

reduced by 3 or more in comparison with the corresponding ED calibration, the model 

is called “ND clearly winning”. 

 ED clearly winning model: if AICc and AIC values of the ND calibration are both 

increased by 3 or more in comparison with the corresponding ED calibration, the 

model is called “ED clearly winning”. 

 No clearly winning model: otherwise, we call the model “No clearly winning model”. 

According to the above criteria, the ED and ND calibrations with fixed kernels are evaluated 

in figure 5-13. There are 13 ND clearly winning models and 40 ED clearly winning models. 

In particular, ED shows continuously better performances than ND for calibrating the models 

which include 6 or more exploratory variables. 



123 

 

As introduced in chapter 2, the RSS score is an important indicator of the fitting accuracy of 

GWR. Figure 5-14 presents the RSS values of the calibrations using ED and ND, in which a 

considerable number of the ND calibrations have shown better performances in fitting 

accuracy in comparison with the corresponding ED calibrations. 

In the procedure, 91 models have been tested. It is extremely cumbersome to present all the 

calibrations in detail. To demonstrate the performances of ND in calibrating GWR models, 

representative models are picked up, particularly ND clearly winning models. The 

improvements of fitting accuracy and differences of coefficient estimates are investigated 

between the ND and corresponding ED calibrations. 

 

Figure 5-14 RSS values of calibrations using ND and ED with fixed kernels 
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Figure 5-15 Bandwidth selections of model No. 18 using ND and ED20  

 Model No. 18:  

, ,  ,  

The first representative model is the NO 18, in which the parameters FLOORSZ and 

BLDPOSTW are included as independent variables. As shown in figure 5-15, two similar 

bandwidths are chosen for the two calibrations, 1496.773 for using ND and 1491.648 for 

using ED. In essence, the bandwidth for the ND calibration is ‘smaller’ than that for the ED 

calibration, as the measure of ND is always larger than or at least equal to the ED metric for 

the same locations. Known from figure 5-13, Model No. 18 is ND clearly winning, notably 

its ND calibration has made a great improvement in fitting accuracy in comparison with the 

coupling ED calibration. As shown in figure 5-16 and 5-17, the areas with high residuals 

(negative and positive) have been reduced in the ND calibration, especially along the western 

part of River Thames (positive residuals), and within the boroughs Brent, Hammersmith and 

Fulham (negative residuals). However, the spatial distributions between the two residual 

                                                            
20 In this thesis, all the physical distances are measured in meters, while for the travel time it is measured in 

seconds. 
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surfaces are very similar with each other, as the semivariogram lines are almost parallel with 

each other in figure 5-18. Both variograms are proportionally similar with each other. There 

are spatial patterns of the residuals in the two calibrations within a range of around 500 

meters but no clear trends when the distance is larger. Particularly, the residuals of the ND 

calibration show an improvement over those of the ED calibration. 

 
Figure 5-16 Residual surface of the ED calibration (Model No. 18) 
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Figure 5-17 Residual surface of the ND calibration (Model No. 18) 

 

Figure 5-18 Residual semivariograms of the ED and ND calibrations (Model No. 18)21 

 

 

 

                                                            
21 In the semivariograms, an empirical range r is adopted as 1500 meters. 
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 Model No. 22:  

, ,  , 90  

The ND calibration of the model No. 22 has shown significant improvements according to 

the reductions of the AICc and AIC values, respectively by 181.84 and 46.56 in comparison 

with the accompanying ED calibration. A parallel coordinate plot (PCP) is used to compare 

the coefficient estimates from the ND and ED calibrations of this model. As shown in figure 

5-19, the PCP contains 4 pairs of axes: FLOORSZ(ED) and FLOORSZ(ND), BLD90S(ND) 

and BLD90S (ED), Intercept(ED) and Intercept (ND), Residual(ND) and Residual(ED)22. The 

lines in the PCP are coloured according to the values of Residual(ND) in a blue-white style. 

Overall, both calibrations show similar patterns, notably the location specific fitting residuals 

of both calibrations are very analogous; there are more changes for the estimates of the 

parameter BLD90S than those for the parameter FLOORSZ. 

 

Figure 5-19 Parallel coordinate plot of the coefficient estimates from the ND and ED 
calibrations on model No. 22 with fixed kernels 

                                                            
22 The coefficient estimates of an ED calibration is clarified by the suffix “(ED)”; correspondingly, the results of 

an ND are labelled by the suffix “(ND)”. 
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Figure 5-20 Parameter estimate differences of FLOORSZ between the ED and ND 
calibrations with fixed kernels 

    

Figure 5-21 Parameter estimate differences of BLD90S between the ED and ND calibrations 
with fixed kernels 
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However, each axis of the PCP is equally spaced within each specific dimension. The 

inconsistency of the scales for each dimension makes it unsuitable for the comparisons of 

absolute variations between the two calibrations. In order to investigate the changes of 

coefficient estimates, discrepancy maps are produced by subtracting the ND estimates from 

the corresponding ED estimates, and the difference maps for FLOORSZ and BLD90S are 

respectively shown in figure 5-20 and 5-21. For both parameters, there are evident changes 

for the estimates of both parameters along the western part of the River Thames starting from 

the Tower Hamlets borough, especially within the Richmond upon Thames borough; and also 

the Bromley borough. Moreover, the estimates of FLOORSZ show great changes inside the 

Barnet and Enfield boroughs; for the parameter BLD90S, the two estimates noticeably differ 

around the areas within Bexley, Ealing, Hillingdon and Southwark. In contrast to the dense 

road network on the both sides of the River Thames, the bridges are relatively sparse. This 

may bring about great differences between the ND and corresponding ED measurements. 

That is why the changes of the parameter estimates intensively appear along the river, 

particularly in the areas where the course of the river deviates substantially, such as Tower 

Hamlets and Richmond upon Thames. Another type of differences is associated with the 

sparse road distributions, which may also make the measurements of the ND and ED 

distinctive, such as Hillingdon and Bromley. In addition, part of these differences happens 

where the road density varies a little but the points are very dense, such as Southwark, Ealing 

and the west of Bromley. The surfaces of coefficient estimates from both calibrations are 

provided in Appendix C, and the same for the results in the following sections. 

5.3.1.2 Adaptive spatial kernel 

The stepwise-like AICc procedure is again carried out with the London house price data, for 

which ND is used by employing an adaptive kernel in GWR calibration. Figure 5-22 provides 
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the circle view of models tried in the procedure, in which the inclusion order of the 

exploratory variables is different from that shown in figure 5-9. It means that the ND metric 

performs uniformly for GWR calibrations with the two different types of spatial kernels, 

though the consistency between the two processes is also more or less reflected in figure 5-9 

and 5-22: the parameter FLOORSZ is the first one to be permanently included in the model 

while the parameter BLDPOST is the last one in both stepwise-like procedures. Notably, the 

ND calibrations are mostly carried out with proportions (i.e. adaptive bandwidths) not less 

than those for the ED calibrations, as shown in figure 5-23. 

 

Figure 5-22 Circle view of tested models using ND and ED with adaptive kernels 

Figure 5-24 and 5-25 present the AICc and AIC values from the model calibrations in the 

process. Based on them, the performances of ED and ND metrics in calibrating GWR with 

adaptive kernels are evaluated in figure 5-26. It seems that the ‘competitions’ between ED 

and ND used with adaptive kernels are much fiercer so that there are 50 ED clearly winning 

models and 18 ND clearly winning models in the process. Similarly to the previous process, 

ED usually outperforms ND when more than 5 exploratory variables are included in a model. 

Notably, the performances of these ND and ED calibrations also become very close to each 
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other. In particular, ED is clearly winning when the chosen adaptive bandwidth for an ND 

calibration is larger than that selected for the corresponding ED calibration. This is also 

reflected in the fitting residuals of the tested models (figure 5-27): ND can improve the 

accuracy with a simple model and small adaptive bandwidth; while ED is preferable when a 

model is more complicated and calibrated with a smaller ED bandwidth. Moreover, some 

representative ND clearly winning modes are also selected, and the results are expounded as 

follows. 

 

Figure 5-23 Chosen bandwidths for calibrations using ED and ND with adaptive kernels 

 
Figure 5-24 AICc values of calibrations using ND and ED with adaptive kernels 
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Figure 5-25 AIC values of calibrations using ND and ED with adaptive kernels 

 
Figure 5-26 Performance evaluations of ED and ND in calibrating GWR models with 

adaptive kernels by AICc and AIC value differences 

 
Figure 5-27 RSS values of calibrations using ND and ED with adaptive kernels 
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 Models NO 11, 13, 25 : 

Model 11: , , 2  

Model 13: , ,   

Model 25: , ,  , 2  

 
Figure 5-28 Adaptive bandwidth selections of model No. 11 using ND and ED 

 
Figure 5-29 Adaptive bandwidth selections of model No. 13 using ND and ED 

 
Figure 5-30 Adaptive bandwidth selections of model No. 25 using ND and ED 
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Figure 5-26 evaluates the performances of different models with adaptive kernels using ED 

and ND. It is noticeable that ND significantly improves the calibrations of models NO 11, 13 

and 25, in which parameters FLOORSZ and BATH2 are separately or jointly included. The 

bandwidth selections for both ED and ND calibrations of these models are presented in 

figures 5-28, 5-29 and 5-30. These figures show that the ND calibrations tend to consider less 

data points at each regression point than the corresponding ED calibrations, especially for the 

model No. 13 the bandwidth for the ND calibration is chosen as an extremely small 

proportion. 

According to the diagnostic information, the ND calibrations have shown significant 

improvements in comparison with the ED calibrations for these three models. However, the 

improvements are not apparent, especially in the fitting accuracies. The residual surfaces are 

respectively displayed in figures 5-31, 5-32 and 5-33. All the pairs of residual surfaces look 

very similar to each other. Particularly for models No. 13 and 25, the two pairs of residual 

surfaces seem almost the same with each other, except a slight difference appears near the 

Thames River if the maps are treated as “photo hunt games”. Meanwhile, it is easier to find 

the reduction of residuals by the ND calibration of model No. 11 in figure 5-31, for example 

in Wandsworth, Islington, Bromley and Brent. 

          
    (a) Residual surface of the ED calibration          (b) Residual surface of the ND calibration 

Figure 5-31 Residual surfaces of calibrations on model No. 11 with adaptive kernels 
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    (a) Residual surface of the ED calibration          (b) Residual surface of the ND calibration 

Figure 5-32 Residual surfaces of calibrations on model No. 13 with adaptive kernels 

     

    (a) Residual surface of the ED calibration         (b) Residual surface of the ND calibration 

Figure 5-33 Residual surfaces of calibrations on model No. 25 with adaptive kernels 

 Models NO 21 

, ,  , 90  

We now examine model 21 calibrated with an adaptive kernel, and it has the same 

exploratory variables as model 22 in section 5.3.1.1. A PCP is produced as well to compare 

the coefficients estimates of the two calibrations using an adaptive spatial kernel, and shown 

in figure 5-34. In comparison with figure 5-19, the changes of the coefficient estimates from 

calibrations with adaptive kernels are much greater than these from the ED and ND 
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calibrations with fixed kernels. It has also been revealed by the reductions of correlation 

coefficients presented in the two PCPs (see figures 5-19 and 5-34).  

 

Figure 5-34 Parallel coordinate plot of the coefficient estimates from the ND and ED 
calibrations on model No. 21 with adaptive kernels 

 

Figure 5-35 Parameter estimate differences of FLOORSZ between the ED and ND 
calibrations with adaptive kernels 



137 

 

 

Figure 5-36 Parameter estimate differences of BLD90S between the ED and ND calibrations 
with adaptive kernels 

Correspondingly, two discrepancy maps are produced to investigate the differences in 

coefficient estimates in both calibrations. The difference maps for the parameters FLOORSZ 

and BLD90S are respectively shown in figure 5-35 and 5-36. Overall, the two maps present 

very similar changing patterns to those shown in figure 5-20 and 5-21, but comparatively the 

differences are more evident appeared in the calibrations using adaptive spatial kernels. In 

comparison with figure 5-20, the differences are clearly enhanced within Enfield, Islington 

and Hounslow; in figure 5-36, the (negative or positive) changes by more than 10000 emerge 

at almost half of the regression locations. Furthermore, there are more changes for both 

parameter estimates where both points and roads are dense, such as Merton and Wandsworth. 

It may be most likely caused by the different bandwidths used for the ND (bandwidth: 0.0048) 

and ED (bandwidth: 0.0085) calibrations, and this difference more likely result in distinctive 

location specific calibrations where points are dense. The effects of the River Thames are 

also very evident, such as Tower Hamlets, Southwark and Richmond upon Thames. However, 
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the changes are weaker where the roads are sparse, such as Hillingdon and south of Sutton. In 

this regard, an adaptive spatial kernel may reduce the differences between ND and ED where 

roads and points are relatively sparse. 

5.3.2 Calibrations using travel time 

From the section 5.1.2.3, the accurate TT matrix between the data points can be acquired 

according to the speed limit POIs provided by Transport for London. Similar with the ND, 

we also employ the TT in calibrating GWR models with the London house price data. In the 

next two sections, the results from both fixed and adaptive spatial kernels are interpreted. 

5.3.2.1 Fixed spatial kernel 

 

Figure 5-37 Circle view of tested GWR models using TT with fixed kernels 

In this section, the stepwise-like AICc procedure is carried out with the London house price 

data using TT and ED with fixed spatial kernels. Figure 5-37 presents all the tested models in 

this process. In comparison with the procedure using ND with fixed spatial kernels, the 

permanently introducing sequence of independent variables is the same as each other, which 

means that the same set of GWR models have been tested in both processes. Notably, the 
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bandwidths for the TT calibrations are also linearly correlated with the ones for the 

corresponding standard (ED) calibrations, which are shown in figure 5-38.  

 

Figure 5-38 Chosen bandwidths for calibrations using TT and ED with fixed kernels 

 

Figure 5-39 AICc values of calibrations using TT and ED with fixed kernels 
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Figure 5-40 AIC values of calibrations using TT and ED with fixed kernels 

 
Figure 5-41 Performance evaluations of ED and TT in calibrating GWR models by AICc and 

AIC value differences 

 

Figure 5-42 RSS values of calibrations using TT and ED with fixed kernels 
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The AICc and AIC values from the GWR calibrations using TT and ED with fixed kernels 

are displayed in figures 5-39 and 5-40. According to the method proposed in section 5.3.1.1, 

the performances of TT and ED are evaluated based on the differences of AICc and AIC 

values. These models are then divided into three categories: TT clearly winning, ED clearly 

winning and no clearly winning models. As shown in figure 5-41, TT greatly outperforms ED 

in calibrating these models with fixed spatial kernels. There are 47 TT clearly winning 

models while only 12 models confirm a preference of the standard GWR calibrations. In 

contrast to the situations in section 5.3.1.1, the TT clearly winning models concentrate in 

models containing more exploratory variables, like the models with 5 or more exploratory 

variables. From the prospective of fitting accuracy, most of the models are more or less 

improved using TT rather than the standard GWR calibration. Moreover, some TT clearly 

winning models are expounded in the following part. 

 Model No. 19:  

, ,  , 1  

The model No. 19 is not a truly TT clearly winning model (see figure 5-41), as the AICc 

value of the TT calibration (i.e. 49879.46) is only reduced by 1.4 in comparison with the ED 

calibration (i.e. 49880.86). However, the utilization of TT makes the greatest improvement 

according to the reduction of AIC values, from 49496.56 to 49067.41.  

For the model No. 19, the advantage of TT is mainly reflected in the improvement of fitting 

accuracy, which can be learned from figure 5-42. The residual surfaces of both calibrations 

are produced and shown in figures 5-43 and 5-44. Apparently, the residuals of the TT 

calibration have been reduced within the study area, though both residual surfaces show 

similar patterns with each other. In the areas within Brent and Hounslow, negative residuals 
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are reduced evidently; while visible positive residual decays take place in Hillingdon, 

Kensington and Chelsea, and Tower Hamlets. However, the changes along the River Thames 

are not as big as for the ND calibration (see figures 5-16 and 5-17). Besides the structure of 

the road network, the diversity of the road speeds also leads to these changes within the study 

area (refer to figure 5-7). For example, speeds for the roads are largely varying within Brent; 

meanwhile, the roads are sparse and the speeds for them also differ within Hounslow and 

Hillingdon; moreover, the effects of the River Thames are noticeable where the speeds 

changes locally, such as Tower Hamlets, Kensington and Chelsea. 

Furthermore, the adjusted t test (Byrne et al., 2009) is undertaken to examine the 

performances of TT and ND. The t test results for the parameters FLOORSZ and GARAGE1 

are presented figure 5-45 and 5-46. In terms of the significance tests, TT does not show an 

apparent superiority over ED. The t test for the parameter GARAGE1 from the TT calibration 

is better than that from the ED calibration; on the contrary, the result for the parameter 

FLOORSZ with TT implemented seems to be worse from the ED calibration. Actually, the 

adjusted error rate  at the 95% significance level comes to be 0.000074 for the TT 

calibration, while is 0.000125 for the ED calibration, which means it is much more difficult 

for the estimates of the TT calibration to be significant than those of the ED calibration. On 

the other hand, the contrary outcomes for the two parameters may indicate that different 

variables could have distinctive responses to a distance metric. This is another potentially 

interesting topic for future research. 



143 

 

 

Figure 5-43 Residual surface of the ED calibration (Model No. 18) 

 

Figure 5-44 Residual surface of the TT calibration (Model No. 18) 
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      (a) Adjusted t test (ED implemented)                  (a) Adjusted t test (TT implemented) 

Figure 5-45 Adjusted t tests for the estimates of the parameter FLOORSZ from the TT and 
ED calibrations (Model No. 18) 

 
       (a) Adjusted t test (ED implemented)            (a) Adjusted t test (TT implemented) 

Figure 5-46 Adjusted t tests for the estimates of the parameter GARAGE1 from the TT and 
ED calibrations (Model No. 18) 

 Model No. 83:  

1 80 90 2

1  

Known from figure 5-41, the model No. 83 is a TT clearly winning model with fixed spatial 

kernels. This section investigates the coefficient estimates of both TT and ED calibrations. 

Similarly the stepwise-like AICc procedure is run here. 
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A PCP with 24 axes (estimated coefficients and residuals) was also produced to present the 

coefficient estimates of both calibrations, and it is shown in figure 5-47. By comparing the 

estimated coefficients in pairs (i.e. compare the estimates of the same coefficient from the TT 

and ED calibrations, for which the axes are adjacent in the PCP), the connection lines 

between the pairs of coefficient estimates that correspond to continuous variables (such as 

FLOORSZ and PROF) show clearly paralleling characteristics, while for the dummy or 

binary variables (such as TYPETRRD and GARAGE), the lines present complex intersections. 

These all indicate that there are more changes for the estimates of dummy or binary variables 

than those of continuous variables. 

To examine the changes of the coefficients in the two calibrations, five coefficients are 

selected (FLOORSZ, PROF, GARAGE, BLD90S and TYPETRRD) and the corresponding 

maps are produced to display the discrepancies between pairs of the coefficient estimates 

using ED and TT with fixed spatial kernels (shown in figures 5-48, 5-49, 5-50, 5-51 and 5-

52). In figure 5-48, there are evident variations along the River Thames within the boroughs 

of Hounslow, Tower Hamlets, Greenwich, Hammersmith and Fulham; there are also great 

positive changes inside Hillingdon and Merton. As figure 5-49 shows, obvious changes of 

estimates of BLD90S cluster in the northwest of London and the Bexley borough; along the 

River Thames, moderate disparities emerge at most of the locations. In figure 5-50, positive 

values are generally distributed along the River Thames, and within the boroughs of Haringey 

and Lewisham; negative values cluster in Lewisham and the junction between the boroughs 

of ‘Hammersmith and Fulham’ and ‘Kensington and Chelsea’. In figure 5-51, negative 

differences are dominant over the study area, and mainly locate in the south-western part of 

London; while the positive ones cluster within Wandsworth, Lewisham and Camden. On the 

contrary, positive disparities are the majority in figure 5-52, such as locations within the 

south of Hillingdon, the junction between Barnet and Enfield, and areas beside River Thames.  
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Figure 5-47 Parallel coordinate plot of the coefficient estimates from the TT and ED calibrations on the Model No. 83 with fixed kernels23

                                                            
23 The abbreviations of variable names are used for labelling, of which the meanings can be understood by comparing them with the original names. The same is true for the 

following similar PCPs. 
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Overall, there are also evident changes of the coefficient estimates between the TT and ED 

calibrations within areas along the River Thames, such as Tower Hamlets, Hounslow, 

Richmond upon Thames, Hammersmith and Fulham. The barrier effects of the River Thames 

also cause the fundamental differences between the TT and corresponding ED measurements 

within the regions along the river. In particular, the road speeds vary with 20, 30 and 40 

(miles/hour) within Hammersmith and Fulham, and that is why apparent changes happen here 

but are not so evident when ND was used. Moreover, the changes are noticeable inside areas 

where both roads and points are relatively sparse, including Hillingdon and Bromley. The 

model No. 83 contains 10 exploratory variables, and the estimates of different parameters 

have been changed in distinctive degrees, which can be inferred from these comparisons 

illustrated from figure 5-48 to figure 5-52. This indicates that the sampling values of an 

exploratory also more or less determine the effects of implementing TT in calibrating this 

model. 

 
Figure 5-48 Parameter estimate differences of FLOORSZ between the ED and TT calibrations 

with fixed kernels 
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Figure 5-49 Parameter estimate differences of BLD90S between the ED and TT calibrations 
with fixed kernels 

 

Figure 5-50 Parameter estimate differences of TYPETRRD between the ED and TT 
calibrations with fixed kernels 



149 

 

 

Figure 5-51 Parameter estimate differences of GARAGE between the ED and TT calibrations 
with fixed kernels 

 

Figure 5-52 Parameter estimate differences of PROF between the ED and TT calibrations 
with fixed kernels 
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5.3.2.2 Adaptive spatial kernel 

We continue to examine TT together with ED in the stepwise-like procedure with adaptive 

spatial kernels. All the tested models in this process are exhibited by the circle view presented 

in figure 5-53. In comparison with the procedure using ND with adaptive spatial kernels, the 

permanently introducing sequence of independent variables in this process is very different, 

and this indicates that the tested GWR models in these two processes are different. Moreover, 

the bandwidth for each TT calibrations (i.e. proportions of data points) is generally smaller 

than that for the corresponding ED calibration (see figure 5-54). 

 
Figure 5-53 Circle view of tested GWR models using TT with adaptive kernels 

 
Figure 5-54 Chosen bandwidths for calibrations using TT and ED with adaptive kernels 
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Figure 5-55 AICc values of calibrations using TT and ED with adaptive kernels 

 

Figure 5-56 AIC values of calibrations using TT and ED with adaptive kernels 

 

Figure 5-57 Performance evaluations of ED and TT in calibrating GWR models by AICc and 
AIC value differences 
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Figure 5-58 RSS values of calibrations using TT and ED with adaptive kernels 

Figures 5-55 and 5-56 provide the AICc and AIC values from calibrating these GWR models 

using TT and ED with adaptive kernels. Based on these values, the performances of TT and 

ED in calibrating these models with adaptive kernels are also evaluated, and accordingly 

divided into the same three categories, as shown in figure 5-57. In this process, the 

superiority of TT over ED in this part is not as outstanding as the previous calibrations with 

fixed kernels. As shown in figure 5-57, there are 30 ED clearly winning models while only 24 

models confirm the evident tendency of employing TT in GWR calibrations with adaptive 

kernels. In terms of the fitting accuracy, TT still generally outperforms over ED, which can 

be inferred from the plot of the RSS values presented in figure 5-58. 

It is notable that the models including one or two exploratory variables in the process are the 

same as those in the stepwise-like procedures using ND and ED with adaptive kernels. For 

these identical models, TT and ND show very similar superiority over ED. For example, 8 

models (7 TT or ND clearly winning model and 1 ED clearly winning models) with contain 

the same two exploratory variables in both processes. The improving extents reflected in the 

AICc and AIC values are very similar for these identically performing models (compare 

figure 5-26 and 55), where bandwidths also tend to be alike (see figure 5-23 and 5-54). When 
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more exploratory variables are included, the performances of TT and ND become very 

different from each other, and TT seems to be better behaving. 

 Model No. 84:  

1 80 90 2

1  

 

Figure 5-59 Adaptive bandwidth selections of model No. 84 using TT and ED 

In this process, the model No. 84, which is the same as the model No. 83 in the previous 

section, also acts as a TT clearly winning model with an adaptive spatial kernel. As shown in 

figure 5-59, a smaller bandwidth is chosen to calibrate this model using TT than that for the 

standard calibration. It is noticeable that the bandwidth selection for the TT calibration also 

shows a drop nearby the bandwidth chosen for the ED calibration. 
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Figure 5-60 Parallel coordinate plot of the coefficient estimates from the TT and ED calibrations on the model No. 84 with adaptive kernels 
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A similar PCP with 24 axes was produced to illustrate the coefficient estimates from the TT 

and ED calibrations with adaptive spatial kernels, which is shown in figure 5-60. In 

comparison with figure 5-47, the differences between the pairs of adjacent axes are much 

stronger and more irregular, particularly for the estimates of PROF, BATH2 and GARAGE. 

Furthermore, there is a noticeable trend for the coefficient estimates in this process: the 

values estimated by using TT tend to cluster toward central values in contrast to these from 

the ED calibration. Coupled with the illustration of the model No. 83 in the previous part, the 

maps of the same five coefficients are also produced to display the discrepancies between 

pairs of their estimates. 

In figures 5-61, 5-62, 5-63, 5-64 and 5-65, the discrepancy maps are produced by subtracting 

the estimates of FLOORSZ, PROF, GARAGE, BLD90S and TYPETRRD from the TT 

calibration with the corresponding items in the ED calibration. By and large, disparities 

emerging in the calibrations with fixed kernels (see figures 5-48, 5-49, 5-50, 5-51 and 5-52) 

have been greatly enhanced here. Specifically for the estimates of FLOORSZ, positive 

discrepancies increase within the boroughs of Islington and Greenwich; while strong 

negatives are evident in Kingston upon Thames. Markedly, there are much greater changes of 

the estimated BLD90S in the southern areas of the River Thames and areas nearby Tower 

Hamlets than those shown in figure 5-49. Likewise, discrepancies of the estimates of 

GARAGE and TYPETRRD have been enlarged, particularly in the western regions of the 

River Thames, and some mid-northern boroughs such as Haringey and Camden. As for the 

parameter PROF, the differences are also magnified in most locations, and with attention to 

Bexley these values are reversed (positive in figure 5-52 but negative in figure 5-65). 

In general, the changing patterns of the coefficient estimates are similar to those illustrated 

for the model No. 83 in section 5.3.2.1. However, the differences between the TT and ED 
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calibration using adaptive spatial kernels are more conspicuous, such as Wandsworth, Merton 

and Lambeth. In addition, the discrepancies have been reduced where both roads and points 

are sparse, such as Croydon and Hillingdon. Furthermore, the differences are enhanced even 

when both points and roads are dense, such as Newham, Wandsworth and Lewisham, which 

may also associated with the different bandwidths used for the TT calibration (0.01116362) 

and ED calibration (0.01801224). The same situations have already appeared when ND was 

tested respectively with fixed and adaptive spatial kernels. Hence, they can be attributed to 

the common characteristics for both TT and ND with fixed and adaptive spatial kernels 

respectively used. 

 

Figure 5-61 Parameter estimate differences of FLOORSZ between the ED and TT calibrations 
with adaptive spatial kernels 
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Figure 5-62 Parameter estimate differences of BLD90S between the ED and TT calibrations 
with adaptive spatial kernels 

 

Figure 5-63 Parameter estimate differences of TYPETRRD between the ED and TT 
calibrations with adaptive spatial kernels 
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Figure 5-64 Parameter estimate differences of GARAGE1 between the ED and TT 
calibrations with adaptive spatial kernels 

 

Figure 5-65 Parameter estimate differences of PROF between the ED and TT calibrations 
with adaptive spatial kernels 
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5.3.3 Discussion 

In the previous two sections, ND and TT were applied in calibrating GWR models with the 

London price data, and then the results were subsequently compared with the corresponding 

standard GWR calibrations using ED. Table 5-1 and 5-2 present the numbers of winning 

models appeared in the previous experiments in terms of different diagnostic statistics. 

Notably, TT has shown much better performances over ED in terms of any diagnostic 

statistic when fixed spatial kernels were used; the fitting accuracy has been improved a lot by 

TT or ND, in particular fixed spatial kernels were employed. In conclusion, TT performs the 

best among the three distance metrics; in contrast, ND does not show an apparent superiority 

over ED in calibrating GWR models here, but still performs quite well in fitting accuracy. 

These performances have been compared and discussed with regard to bandwidth selection, 

fitting performances and especially differences of coefficient estimates. 

In practice, a GWR model is generally calibrated with an optimum bandwidth chosen by the 

CV or AICc approaches. Thereupon, all the GWR calibrations were undertaken with 

optimum bandwidths selected, for which the CV approach is used on the consideration of 

computational efficiency. Notably, the bandwidths for both experiments using ND and TT 

have two conspicuous features: i) bandwidths for the ND or TT calibrations with fixed spatial 

kernels are linearly correlated with the corresponding values for the ED calibrations; ii) for 

adaptive kernels, bandwidths for the ND or TT calibrations generally tend to be clearly 

smaller than those for the corresponding ED calibrations, and are also correlated with them 

though the relationships are not as evident as the former relationships. In essence, these 

phenomena have partly reflected the stability of the process using fixed spatial kernels for 

implementing ND and TT, and the uncertainties of the results using adaptive kernels. In 

particular, the phenomenon (ii) indicates that the TT or ND calibrations have reflected a 
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smaller range of spatial non-stationarities than the corresponding ED calibrations when 

adaptive spatial kernels are used. However, it is difficult to properly interpret and make an 

arbitrary evaluation of this phenomenon. 

Table 5-1 Numbers of ND or ED winning model calibrations in terms of different diagnostic statistics24 

Distance 

metric 

Fixed spatial kernel (section 5.3.1.1) Adaptive spatial kernel (section 5.3.1.2)

AICc AIC AICc & AIC RSS AICc AIC AICc & AIC RSS 

ND 13 42 13 72 18 40 18 42 

ED 77 41 40 19 71 50 50 49 

 

 

Table 5-2 Numbers of TT or ED winning model calibrations in terms of different diagnostic statistics 

Distance 

metric 

Fixed spatial kernel (section 5.3.2.1) Adaptive spatial kernel (section 5.3.2.2)

AICc AIC AICc & AIC RSS AICc AIC AICc & AIC RSS 

TT 47 75 47 81 24 58 24 66 

ED 33 12 12 10 54 30 30 25 

 

The fitting performances of ND and TT are compared with ED in the light of increases or 

decreases in both AICc and AIC values. Seen from the numbers of clearly winning models, 

                                                            
24 In this table and the following similar tables, the numbers of winning models for each distance metric are 

presented. The criterion to determine a distance metric winning in terms of AICc or AIC value is that it is 

reduced by 3 or more; while for RSS score a distance metric is winning when it gives a smaller RSS score. In 

addition, “AICc & AIC” refers to “clearly winning” as defined in section 5.3.1.1. 
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TT becomes the best performing distance metric, in particular with fixed spatial kernels. In 

addition, there are a considerable number of no clearly winning models. Most of these models 

show significant reductions in AIC by using ND or TT. This tends to indicate special 

advantages in fitting accuracy, as the calculation of AIC (eq. 2.41) is largely dependent on the 

corresponding RSS value that is used to estimate . Consequently, ND performs quite well in 

fitting accuracy even though it does not show a clear superiority over ED. Moreover, the 

GWR technique has been verified as a good spatial predictor (see Harris et al., 2010a; Harris 

et al., 2011; Harris and Juggins, 2011), for which the performance is judged by the prediction 

accuracy. For this purpose, ND and TT are recommended for spatial prediction using GWR 

with the London house price data. In section 5.3.1.1, for model No. 18 the RSS value of the 

ED calibration was reduced by 24.23% when ND was implemented; on average, the 

prediction error of the purchasing price was £ 20490.87 for the ED calibration and only 

£ 17633.64 for the ND calibration. Comparatively in section 5.3.2.1, for model No. 19 the 

RSS value of the ED calibration was reduced by 26.13% with TT employed; the average 

prediction error of the purchasing price was £ 19918.37 for the ED calibration and only 

£ 16935.83 for the TT calibration. In these two cases, the GWR performs much better when a 

non-ED metric is used. 

Furthermore, the performances of ND and ED are very different for simple GWR models, but 

they become more and more similar with each other as more exploratory variables are 

included; the same is true for TT with fixed spatial kernels. The spatial effects seem to be 

gradually weakened when the regression model becomes more complex. This is exactly 

explained by the similar performances of TT, ND and ED when more variables were included 

in the model. These indicate that it may be primarily important to derive a proper distance 

metric for a poorly specified GWR model due to incomplete information; on the other hand, 
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all these three distance metrics can be used for a comprehensive GWR model calibration with 

acceptable fitting accuracies. 

As we see, coefficient estimates from ND or TT calibrations have been changed considerably 

in comparison with the standard GWR calibrations. These differences can be partly 

interpreted by the different bandwidths used in those calibrations. However, they are 

fundamentally caused by the distinctive measurements of ND, TT and ED. These differences 

are interrelated with road density, complexity of road shapes, traffic condition (i.e. speed 

information for calculating TT), point density and topological relation between points and 

road network. In this thesis, the empirical results have shown that a sparse local network and 

complicated road shapes or traffic conditions may lead to great differences; while dense data 

points may weaken the difference; the topological relation between points and road network 

is fixed in this thesis that each point is corresponded with the nearest point on the network 

(see section 5.1.2.3). In the previous two sections, ND or TT clearly winning models are 

selected to present the differences in coefficient estimates. From those results, the following 

characteristics can be drawn: 

 When applying ND in GWR calibration with fixed spatial kernels, the coefficient 

estimates tend to be very similar where both points and roads are dense, for which this 

phenomenon can be termed as a locally-Euclidean effect. For implementing TT with 

fixed spatial kernels, the emergence also require an extra condition that the speeds for 

the roads should be uniform within a local area. On the other hand, it means that the 

type of fixed spatial kernels is good for implementing ND and TT at reflecting the 

unbalanced distributions of road network and attributed speed information. 

 However, the locally-Euclidean effect is not clear for the calibrations with adaptive 

spatial kernels. Actually, the differences may be also evident for the (ND vs. ED or 
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TT vs. ED) calibrations with adaptive spatial kernels even when both points and roads 

are dense. These two pieces of deductions are helpful in choosing the type of spatial 

kernels for a specific data set. 

 The differences may be caused by some natural barrier, which is called the cut-off 

effect; the River Thames is a good example of this phenomenon that along it great 

changes in coefficient estimates appeared in most of the experiments.  

 In comparison with ND, the changes for the TT calibrations are more irregular over 

the study area due to the considerable complexity for calculating TT. In essence, TT 

measures the space in an apparently non-Euclidean mode. This may make the results 

more abstract and difficult to understand. 

The experiments undertaken with the London house price data indicate that a proper distance 

metric can improve model calibration over the standard GWR. In the next section, a different 

house price data set will be employed to implement ND in GWR calibrations with the same 

set of exploratory variables used here. 

5.4 Results from WMC house price modelling 

In this section, ND is applied on modelling the WMC house price data respectively with fixed 

and adaptive spatial kernels. However, the TT is not available due to the lack of related speed 

information for the road network within the WMC area. The results are described in the 

following two sections. 

5.4.1 Fixed spatial kernel 

In this section, the stepwise-like procedure is repeated with the WMC house price data using 

ND and ED with fixed spatial kernels, for which the same set of exploratory variables are 

used. All the tested models in this process are presented in figure 5-66. Similarly, figure 5-68 
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indicates that the bandwidths for the ND calibrations are linearly correlated with those for the 

ED calibrations. 

Figures 5-68 and 5-69 present the AICc and AIC values from these calibrations using ND and 

ED with fixed kernels. Hence, the performances of ND and ED are compared. As shown in 

figure 5-70, there are 33 ND clearly winning models and 33 ED clearly winning models. 

Notably, the ND clearly winning models appears to be more evenly distributed. In contrast to 

the performances with the London house price data, it is better behaving here, especially on 

the fitting accuracy known from the RSS values shown in figure 5-71. To present the 

differences of coefficient estimates, the model No. 44 is investigated in detail. 

 

Figure 5-66 Circle view of tested GWR models using ND with fixed kernels 
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Figure 5-67 Bandwidths for calibrations using ND and ED with fixed kernels 

 
Figure 5-68 AICc values of calibrations using ND and ED with fixed kernels 

 
Figure 5-69 AIC values of calibrations using ND and ED with fixed kernels 
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Figure 5-70 Performance evaluations of ED and ND in calibrating GWR models by AICc and 

AIC value differences 

 
Figure 5-71 RSS values of calibrations using ND and ED with fixed kernels 
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 Model No. 44:  

 

 

Figure 5-72 Parallel coordinate plot of the coefficient estimates from the ND and ED 
calibrations on model No. 44 with fixed kernels 

As shown in figure 5-70, model No. 44 is ND clearly winning with fixed spatial kernels. The 

differences in coefficient estimates between its ND and ED calibrations are investigated here. 

A similar PCP with 12 axes is produced to present the coefficient estimates of both 

calibrations (figure 5-72). In this case, there are more changes for the estimates of PROF and 

TYPETRRD; moreover, most of the estimates in the ND calibration show a trend of 

concentrating around central values. 

Discrepancy maps are produced to examine the differences between pairs of the coefficient 

estimates of the ED and ND calibrations with fixed spatial kernels. The maps for the 

parameters FLOORSZ, TYPETRRD, TYPETRRD and PROF are presented in the figures 5-73, 

5-74, 5-75 and 5-76 respectively. Inside the rural area of Solihull and Aldridge-Brownhills in 

Walsall, there are evident variations for all of these estimates. In figure 5-73, there are great 
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decreases (i.e. negative difference) in the municipal boroughs of Dudley, Warley within 

Sandwell and north of Wolverhampton; on the other hand the positive values concentrate 

within southern and northern extremities of Birmingham and south of Coventry. In figure 5-

74, both positive and negative great differences appear with Coventry, where there are very 

few detached properties; on the contrary, there are fewer differences between the two 

estimates of TYPETRRD (figure 5-75), for which the terraced houses are more evenly 

distributed across WMC. Interestingly, the changes for the parameter PROF are dominated 

by negative values. 

 
Figure 5-73 Parameter estimate differences of FLOORSZ between the ED and ND 

calibrations with fixed kernels 
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Figure 5-74 Parameter estimate differences of TYPEDETCH between the ED and ND 

calibrations with fixed kernels 

 
Figure 5-75 Parameter estimate differences of TYPETRRD between the ED and ND 

calibrations with fixed kernels 

 
Figure 5-76 Parameter estimate differences of PROF between the ED and ND calibrations 

with fixed kernels 
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5.4.2 Adaptive spatial kernel 

In accordance with the procedures for modelling the London house price data, the WMC 

house price data is also tested with ND and ED using adaptive spatial kernels. The circle 

view (figure 5-77) lists all the tested models in this process. In comparison with the previous 

process, the permanently introducing sequence of independent variables in this process is 

again very different from that by using fixed spatial kernels. Notably, most of the bandwidths 

for each pair of calibrations (ND and ED) are very close to each other (see figure 5-78).  

 

Figure 5-77 Circle view of tested GWR models using ND with adaptive kernels 

 

Figure 5-78 Bandwidths for calibrations using ND and ED with adaptive kernels 
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The AICc and AIC values of the ND and ED calibrations using adaptive spatial kernels are 

shown in the figures 5-79 and 5-80 respectively. On this basis, the performances of ND and 

ED are evaluated and illustrated by figure 5-81. It seems that ND is very inferior over ED in 

this situation: only 5 models show evident advantages of ND in GWR calibrations with 

adaptive kernels. The RSS values shown in figure 5-82 support this finding as well. 

 
Figure 5-79 AICc values of calibrations using ND and ED with adaptive kernels 

 
Figure 5-80 AIC values of calibrations using ND and ED with adaptive kernels 
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Figure 5-81 Performance evaluations of ED and ND in calibrating GWR models by AICc and 

AIC value differences 

 

Figure 5-82 RSS values of calibrations using ND and ED with adaptive kernels 

However, the results in table 4-11 suggest that fixed spatial kernels may work much better for 

the WMC house price data than adaptive ones. For this reason, we cannot reach a conclusion 

that ND is unsuitable for modelling this data with GWR. Nevertheless, a ND clearly winning 

model is investigated in the following section. 

 Model No. 45:  
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Figure 5-83 Parallel coordinate plot of the coefficient estimates from the ND and ED 
calibrations on the Model No. 84 with adaptive kernels 

In this process, the model No. 45, i.e. model No. 44 when fixed spatial kernels are used in 

section 5.4.1, also confirms a better calibration using ND with adaptive kernels. Seen from 

figure 5-78, the bandwidth for the ND calibration is a little smaller than that chosen for the 

ED calibration.  

A PCP with 12 axes is again shown to compare the coefficient estimates from both 

calibrations, and is displayed in figure 5-83. Due to the similarity of the bandwidths used, the 

differences between the pairs of adjacent axes are less conspicuous, but still more irregular 

than those reflected in figure 5-72. In order to provide more details, discrepancy maps are 

similarly produced by comparing each pair of the coefficient estimates.  

The maps for the parameters FLOORSZ, TYPETRRD, TYPETRRD and PROF are 

respectively presented in figures 5-84, 5-85, 5-86 and 5-87. As the bandwidths chosen for the 

ND (bandwidth: 0.007672478) and ED calibration (bandwidth: 0.00948374) are relatively 

close to each other, the changes of coefficient estimates between these two calibrations are 

much smaller when adaptive spatial kernels are used. This performance is very different from 
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those appeared in the previous case studies, which verifies that the difference of bandwidths 

is also one of the important origins of the changes in coefficient estimates. In this case, the 

differences have been also greatly weakened where both road networks and points are sparse, 

such as Solihull and Aldridge-Brownhills. Moreover, great changes still cluster in the areas 

with dense road pattern and data points, such as the urban districts of Birmingham and 

Coventry. 

 

Figure 5-84 Parameter estimate differences of FLOORSZ between the ED and ND 
calibrations with adaptive kernels 

 

Figure 5-85 Parameter estimate differences of TYPEDETCH between the ED and ND 
calibrations with adaptive kernels 
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Figure 5-86 Parameter estimate differences of TYPETRRD between the ED and ND 
calibrations with adaptive kernels 

 

Figure 5-87 Parameter estimate differences of PROF between the ED and ND calibrations 
with adaptive kernels 

5.4.3 Discussion 

In this section, the GWR models on the WMC house price data are calibrated with ND and 

ED. Table 5-3 presents the numbers of winning models appeared in the previous study in 

terms of different diagnostic statistics. Notably, ND and ED have tied a “draw” when fixed 

spatial kernels were used, particularly ND still outperformed in fitting accuracy; however, ED 

has shown clear superiorities over ND when adaptive spatial kernels. 
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Table 5-3  Numbers of ND or ED winning model calibrations in terms of different diagnostic statistics 

Distance 

metric 

Fixed spatial kernel (section 5.4.1) Adaptive spatial kernel (section 5.4.2) 

AICc AIC AICc & AIC RSS AICc AIC AICc & AIC RSS 

ND 33 55 33 61 10 8 5 8 

ED 56 33 33 30 80 82 77 83 

 

Known from the results, the following features of using ND in GWR calibration are identical: 

 The bandwidths for the ND calibrations with fixed spatial kernels are linearly 

correlated with those for the ED calibrations. 

 When apply ND in GWR calibration with fixed spatial kernels, the changes in the 

coefficient estimates are evident where both roads and points are sparse, while they 

can be greatly weakened in the calibrations using adaptive spatial kernels. 

 On the contrary, the changes in the coefficient estimates tend to cluster in the areas 

with a dense road network and data points when adaptive spatial kernels are used for 

GWR calibrations. 

On the other hand, there are some distinctive features in contrast to the results from 

modelling the London house price data: 

 ND shows a better performance on the WMC data than that on the London data when 

it is applied in calibrating GWR models with fixed spatial kernels. 

 When employing ND in calibrating GWR respectively with fixed and adaptive spatial 

kernels, the performances are completely different from each other: ND is clearly 

winning with fixed kernels; conversely ED is an apparent winner when an adaptive 

kernel is used. 
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 The samples for each variable also impact on the changes of coefficient estimates 

when different distance metrics are applied in GWR, particularly for dummy or binary 

variables, such as the parameter TYPETRRD in the representative model (model No. 

44 in section 5.4.1 and model No. 45 in section 5.4.2). 

5.5 Summary 

In this chapter, ND and TT have been applied to calibrate GWR models and the performances 

have been compared with the standard GWR technique, where ED is employed. The London 

and WMC house price data are studied by applying GWR with these distance metrics. In 

summary, TT shows an apparent superiority over ED with the London house price data; on 

the contrary, ND does not appear to a clear winner over ED, but it still has an advantage in 

fitting accuracy with the same data; notably, ND shows better performances in calibrating 

GWR with fixed spatial kernels, but opposite situations happen to GWR calibrations using 

adaptive kernels with the WMC house price data. To bring this lengthy exposition to a close, 

the following points can be generalized from the two case studies: 

 A good non-ED metric should be used for a GWR calibration, as it can improve the 

model performance; this also helps achieve better performances when GWR is used as 

a spatial predictor. In the case studies on the London house price data, TT has 

achieved an average prediction error of the purchasing price at around £17000 while 

that was almost £20000 using ED. 

 A non-ED metric is helpful in detecting specific spatial non-stationarities due to 

irregularities in geographical space, such as separations by rivers or terrain distortions 

in mountainous areas. In the studies of London house price data, the effect of the 

River Thames on movement was well reflected in the changes in the coefficient 
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estimates. 

 The calibrations using ED and a non-ED metric may be very similar to each other in 

some situations, for instance these measures are very similar when road network and 

data points are densely and uniformly distributed with the study area; consequently, 

the anticipation of model improvement and the extra cost of calculating the non-ED 

should be balanced in advance. 

 Fixed and adaptive spatial kernels work distinctively for implementing a non-ED 

metric in GWR calibrations. For instance, the changes in the coefficient estimates are 

evident where both roads and points are sparse when applying ND and ED in GWR 

with fixed spatial kernels; however, they can be less evident in the calibrations using 

adaptive spatial kernels. On the contrary, the changes in the coefficient estimates have 

shown clusters in the areas with dense roads and data points when adaptive spatial 

kernels used. 

 It is more uncertain or uncontrollable when a non-ED metric is used to calibrate a 

GWR model using adaptive kernels, as it may be more difficult to intuitively forecast 

or reflect the influence of the non-ED within a study area. Moreover, the spatial 

effects caused by the road network are not clearly reflected in the calibrations with 

adaptive spatial kernels, for example the coefficient estimates of the ND and 

corresponding ED calibrations are not very different where roads are sparse. 

Accordingly, the use of fixed spatial kernels is generally recommended when 

employing a non-ED metric in a GWR application. 

In summary, the proposition that a well chosen non-ED metric can improve the calibration of 

a GWR model has been illustrated with case studies in this chapter. However, there are 

cannot be one distance metric which fits all kinds of GWR applications. Suitable distance 
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metrics can differ from each other in different GWR models. With this in mind, how to find a 

suitable non-ED for a GWR model will be the other urgent question. In the next chapter, the 

distance metric selection in GWR calibration is examined by introducing a method called the 

‘Minkowski approach’. 
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Chapter 6  Distance metric selection for calibrating a 
GWR model 
 

In practice, it is not easy to say which kind of distance metric is the most appropriate to 

calibrate a given GWR model. In most cases, the underlying rules to measure the distance 

with given data are not clear or even unknown, but still vary a lot due to diversity of data and 

complexity of geographical context. In addition, distance may not be properly measured or 

calculated because of lacking necessary conditions. Thus, how to define an appropriate 

distance metric when calibrating a GWR model presents a certain challenge. The Minkowski 

distance metric, which is introduced in chapter 3, has been frequently used to approximate a 

specific distance metric. For example, Shahid et al. (2002; 2009) implemented the 

Minkowski distance to approximate road distance, travel time and some kind of ‘real’ 

distance; Love et al. (1988) cited by Miller and Wentz (2003) indicated that the value of p 

(see eq. (3.5)) typically ranges from 1 to 2 for representing the actual travel distance at urban 

and regional scales. Inspired by these studies, an approach is defined to implement the 

Minkowski distance to approximate an optimum distance metric for calibrating a GWR 

model. 

The structure of this chapter is organised as follows: we start with the methodology of 

distance metric selection in GWR modelling using the Minkowski approach; then two GWR 

models are studied with the approach using the London house price data; the results are then 

discussed and the chapter is summarised. The surfaces of coefficient estimates from the 

relative GWR calibrations are provided in Appendix D. 

6.1 Minkowski approach 

As introduced in chapter 3, The Minkowski distance, also known as p-norm distance, is a 
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general form of distance metric in a Euclidean space. It is expressed as the formula (eq. 3.5) 

in section 3.2.3. The value of p can be any positive real number. When p is 1, 2 and infinity, 

the distance is known as Manhattan distance, Euclidean distance and Chebyshev distance 

respectively. A different value of p represents a distinctive measure of distance in a Euclidean 

space. Take the 2-D Euclidean space for example, the distance iso-surfaces with eight 

different values of p are produced, as shown in figure 1. The shapes of these surfaces vary 

with the different values of p.  

Known from the geometric properties of these shapes in figure 6-1, rotation of the coordinate 

system will also lead to changes in distance measurement, while the only exception happen to 

the p with value 2, i.e. Euclidean distance. Accordingly, the rotated angle θ is also taken into 

the consideration for distance metric selection. In the 2-D Euclidean space, the expression of 

Minkowski distance can be refined as: 

                 , | | | |             (6.1) 

where , ,  are the 2-D Euclidean coordinates, and  is the angle tan .  

The idea of “optimal” distance metric selection is to choose a specific Minkowski distance so 

as to calibrate a given GWR model in a ‘best’ way. Concretely, the aim comes down to fixing 

both a value of p and an angle θ for coordinate rotation. In this chapter, the goodness of fit 

criterion is the AICc, which measures both the goodness of fit and model complexity of a 

GWR model. Based on the variation of AICc values, a pair of ,  is fixed at the point with 

the smallest AICc value. Finding the values of this pair can carried out using a numerical 

search routine, or by exhaustive search. Both may be computationally intensive, and using a 

numerical routine require the supply of the derivatives of the model with respect to p and . 
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                      a)  p=0.25                             b) p=0.75              c) p=1 (Manhattan distance) 

       
                       d)  p=1.25                             e) p=1.75             f) p=2 (Euclidean distance) 

       
                         g)  p=4                                h)  p=8                 i) p=∞ (Chebyshev distance) 

Figure 6-1 Distance iso-surface plots with different values of p 

The Minkowski approach can be defined in the following three steps: 

I. Choose an optimum bandwidth with each Minkowski distance specified by a specified 

pair of (p, θ); 

II. Calibrate the given GWR model with each specified Minkowski distance metric and 

the corresponding bandwidth;  
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III. Select the pair of (p, θ) with the smallest AICc value for the model calibration. 

However, implementation of the Minkowski approach may be time consuming particularly 

with a large sample size. To reduce the computation of this method, the following heuristics 

are employed: 

i. The CV approach is used to choose bandwidth; 

ii. A limited number of the values of p are tested, i.e. from the group 

0.25, 0.75, 1,1.25, 1.75,2, 4, 8,∞ ; 

iii. According to the periodic changes of coordinate rotation, the angle θ is sampled from 

0 to  in 10 equal single steps of . 

The Minkowski approach is effective for both fixed and adaptive spatial kernels. The case 

studies in the following sections will be tested with both types of spatial kernel. In order to 

assess the procedure, the London house price data introduced in chapter 4 are again used in 

this section. We examine a subset of two models: 

Model 1:             

Model2:

1 80 90

2 1  

Model 1 is the best performing model which includes only one exploratory variable; in 

contrast, model 2 is the model that investigated in detail in chapter 4. They provide 



184 

 

demonstrations of both simple and complex models. In the next two sections, the results of 

experiments on model 1 and 2 using the London data are described and discussed. 

6.2 GWR Model 1 

In this section, model 1 is tested with the London data. It is respectively calibrated with fixed 

and adaptive spatial kernels, for which two pairs of (p, θ) are chosen by running the 

Minkowski approach. 

6.2.1. Fixed spatial kernel 

In order to calibrate model 1 with a fixed spatial kernel, a pair of (p, θ) is chosen to specify 

the best performing distance metric by the Minkowski approach. The procedure is undertaken 

for model 1 with the London data, and the AICc and AIC values of these calibrations are 

presented in figures 6-2 and 6-3. When the ED is used, i.e. p equalling to 2, the AICc (eq. 

(2.10)) and AIC (eq. (2.41)) values are respectively 49728.63 and 49178.58. Accordingly, the 

values in figures 6-2 and 6-3 are coloured by taking the values 3 from the ED calibration. 

This colouring scheme divides all the calibrations with different distance metrics in 

comparison with the ED calibration: i) significant improvement (green); ii) no significant 

change (black); iii) significantly poorer model fit (red). 

The influence of the different distance metrics on the model fit show great variations. The 

AICc value varies from 49721.18 to 50105.53, and the AIC value differs from 49074.41 to 

49837.59. In particular, the lowest values of AICc and AIC, are reached at the same pair of (p, 

θ): p=Inf (i.e. Chebyshev distance) and . In this case, the distance metric specified 

by the pair of (p, θ) can be chosen as an optimum distance metric to calibrate model 1 with a 

fixed kernel. 
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Figure 6-2 AICc values of calibrating model 1 using different sets of (p, θ) with fixed spatial 

kernels 

 
Figure 6-3 AIC values of calibrating model 1 using different sets of (p, θ) with fixed spatial 

kernels 



186 

 

 
Figure 6-4 Bandwidth selections of model 1 using the BPD and ED with fixed spatial kernels 

Calibration with the best performing distance metric (BPD) has been significantly improved 

in comparison with the standard GWR calibration using the ED. The bandwidth selections for 

the two calibrations are presented in figure 6-4. The value for the BPD is smaller than that for 

the ED, but known from their calculations, Chebyshev distance25 is a smaller measurement in 

Euclidean space than ED, which is also shown in figure 6-1. As a result, the two bandwidths 

should be more “similar” than the numerical difference between them. 

Figure 6-5 displays the location specific residuals from the BPD and ED calibrations of 

model 1 with fixed spatial kernels. Markedly, the fitting accuracy has been improved by the 

BPD metric at most of the regression locations which are the same as the data points. In order 

to investigate the differences in coefficient estimates of the two calibrations, a discrepancy 

map is produced (figure 6-6) for the parameter FLOORSZ. The differences scatter throughout 

the whole study area, in particular for the north-western areas to the River Thames. In 

                                                            
25 In a n-D Euclidean space, the Chebyshev distance is defined as: 

′  

where  1 2, , , nx x x  and  1 2, , , nx x x    are two vectors in n-dimension Euclidean space 
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addition, evident diversities cluster within Bromley and also near the boundary between 

Merton and Wandsworth. 

 
Figure 6-5 Residuals at each regression location from the ED and BPD calibrations of model 

1 with fixed spatial kernels 

 
Figure 6-6 Parameter estimate differences of FLOORSZ between the ED and BPD 

calibrations of model 1 with fixed kernels 

Though large residuals occasionally cluster in some places, in general there are no clear 

spatial patterns in the whole study area. It is difficult to say whether there is any relationship 
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between the changes in coefficient estimates and point densities. For this model, the BPD is 

the Chebyshev distance with coordinate system rotated by ; the interpretation of such 

finding in the context of spatial models is perhaps an area for further research. 

6.2.2 Adaptive spatial kernel 

In this section, the Minkowski approach is tested on model 1 with adaptive spatial kernels. 

The process is also reflected by the AICc and AIC values, which are shown in figures 6-7 and 

6-8. The two figures are similarly coloured as the figures 6-2 and 6-3. As illustrated in these 

two charts, more than half of the calibrations have been significantly improved by taking a 

different distance metric in comparison with the standard GWR calibration using ED. In this 

procedure, the AICc and AIC values for the standard calibration are respectively 49992.58 

and 49844.83; in contrast, the lowest values of AICc and AIC are only 49889.29 and 

49629.90, both of which are greatly reduced. The best performing calibration is achieved 

when the Minkowski distance function is specified by p equalling to 0.75 and the coordinate 

system is rotated by an angle  of  . Notably, the Chebyshev distance also performs very 

well for model 1 with adaptive spatial kernels, especially when the coordinate system is 

rotated by an angle  
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Figure 6-7 AICc values of calibrating model 1 using different sets of (p, θ) with adaptive 

spatial kernels 

 
Figure 6-8 AIC values of calibrating model 1 using different sets of (p, θ) with adaptive 

spatial kernels 

The calibration with the BPD is carried out with an extremely small bandwidth and that for 

the ED calibration also shows a tendency of a small bandwidth (see figure 6-9). Actually, 

both bandwidth selections are very similar with each other. Although these bandwidths are 
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“small”, the number has been considered in p=0.75 space instead of p=2 space, so the term 

“small” is doubly relative. 

 
Figure 6-9 Bandwidth selections of model 1 using the BPD and ED with adaptive spatial 

kernels 

In figure 6-10, the location specific residuals from the BPD and ED calibrations of model 1 

with adaptive spatial kernels are also visualized. On the whole, residuals of the ED 

calibration have been evidently reduced by the BPD metric at most of the regression locations, 

particularly for the large positive residuals.  

 
Figure 6-10 Residuals at each regression location from the ED and BPD calibrations of model 

1 with adaptive spatial kernels 
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Figure 6-11 Parameter estimate differences of FLOORSZ between the ED and BPD 

calibrations of model 1 with adaptive kernels 

These differences between the BPD and ED calibrations are derived from the changes in 

coefficient estimates. In figure 6-11, a discrepancy map is also shown for the parameter 

FLOORSZ. Apparently, there are much more evident changes in these two calibrations than 

those shown in figure 6-6. Large differences are apparent in most places except the following 

areas: Croydon, Brent, Bromley, Redbridge, central Bexley and the north Havering. Note that 

the type of adaptive spatial kernel is an Nth nearest neighbour-based method, which is based 

on the rank of distances. The Minkowski distance function with p equalling to 0.75 may 

produce a different sequence of data points for a location specific calibration from that with 

ED used, especially when the coordinate system is rotated by . The resulting difference in 

distance measurements is one important reason for the disparities in coefficient estimates. On 

the other hand, the different bandwidths are also one of the important reasons for these 

differences. It is also very difficult to interpret the physical patterns of these changes. This 
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technical bottleneck makes this approach work well for GWR as a spatial predictor but add 

little to GWR when it is used as an exploratory tool. 

6.3 GWR Model 2 

By the same token, an example of a multivariate model is taken in this section, i.e. model 2. 

The Minkowski approach is also assessed using both fixed and adaptive spatial kernels, 

respectively. 

6.3.1 Fixed spatial kernel 

In this section, the Minkowski approach is undertaken with model 2 using fixed spatial 

kernels. The AICc and AIC values in this procedure are expressed in figures 6-12 and 6-13. 

In comparison with the results for model 1, the differences between the maximum and 

minimum values of the AICc and AIC values become smaller. In this process, the AICc value 

varies from 49476.22 to 49695.49, and the AIC value ranges from 48992.28 to 49358.07. In 

particular, the AICc and AIC values for the ED calibration are respectively 49499.25 and 

49054.88. The lowest AICc and AIC values are obtained when the Minkowski distance 

function is specified by p = 0.75 and the coordinate system is rotated by .  

The calibration using the BPD is undertaken here and compared with the standard one. Figure 

6-14 shows the processes of selecting bandwidths for both calibrations. The two selections 

present similar varying trends and the bandwidth for the BPD calibration is chosen as a larger 

value than that for the ED calibration. However, the Minkowski distance function with p = 

0.75 gives a comparatively larger measurement than the ED, then the differences between the 

chosen bandwidths should be much smaller than their numerical representations. 
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Figure 6-12 AICc values of calibrating model 2 using different sets of (p, θ) with fixed spatial 

kernels 

 
Figure 6-13 AIC values of calibrating model 2 using different sets of (p, θ) with fixed spatial 

kernels 

Comparatively, the residuals from the BPD and ED calibrations of model 2 with fixed spatial 

kernels are presented in figure 6-15. In general, the fitting accuracy has been also improved 

by the BPD metric rather the ED calibration, though the improvement is not as apparent as 
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that presented in model 1. This also indicates that the BPD can improve the performance of 

GWR working as a spatial predictor, particular in the prediction accuracy. 

Moreover, a PCP is produced to compare the coefficient estimates of the BPD and ED 

calibrations. As shown in figure 6-16, it is composed of 30 axes (estimated coefficients and 

residuals) and they are also distributed in pairs as those appeared in chapter 5. The estimates 

of different parameters have been changed in varying degrees, which can be inferred from the 

crossing patterns of the connecting lines between each pair of axes and the correlation 

coefficient (CC) shown in figure 6-16. The results show that the estimates of the parameters 

PROF and BLDINTW have been greatly changed by implementing the BPD metric (CC: 

0.94); while the estimate differences in the BPD and ED calibration for the parameter 

FLOORSZ are the smallest (CC: 0.99). However, there are almost no clear patterns in these 

changes of coefficient estimates between the BPD and ED calibration. 

 
Figure 6-14 Bandwidth selections of model 2 using the BPD and ED with fixed spatial 

kernels 
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Figure 6-15 Residuals at each regression location from the ED and BPD calibrations of model 

2 with fixed spatial kernels 
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Figure 6-16 Parallel coordinate plot of the coefficient estimates from the BPD and ED calibrations of model 2 with fixed spatial kernels 
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(a) Adjusted t test (ED implemented) 

 
(b) Adjusted t test (the BPD implemented) 

Figure 6-17 Adjusted t tests for the estimates of the parameter FLOORSZ from the BPD and 
ED calibrations 
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(a) Adjusted t test (ED implemented) 

 
(b) Adjusted t test (the BPD implemented) 

Figure 6-18 Adjusted t tests for the estimates of the parameter BLD90S from the BPD and ED 
calibrations 
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Furthermore, the adjusted t test (Byrne et al., 2009) is undertaken to examine the 

performances of the BPD and ED metric implemented for model 2 with fixed spatial kernels. 

The adjusted error rate α at the 95% significance level is 0.000101 for the BPD calibration, 

while it is 0.000105 for the ED calibration. There are 14 pairs of coefficient estimates, and 

overall the BPD metric does not show great improvements in terms of the significance tests, 

or even changes in comparison with the corresponding results from the ED calibration. For 

instance, two of them are shown here: FLOORSZ and BLD90S, and the t test results for them 

are shown in the figures 6-17 and 6-18. As shown in figure 6-17 (a) and (b), they are very 

similar to each other that almost all the location specific estimates of FLOORSZ are 

significant at 95% level, except a few locations within Hillingdon and Bexley. For the 

parameter BLD90S, the results presented in figure 6-18 (a) and (b) are very alike as well, but 

the BPD metric shows apparent improvements over ED within Wandsworth. In addition, the 

distinctive outcomes for the two parameters imply that the BPD metric is not necessarily the 

best for every parameter estimate, and this again reveals one important future direction of this 

topic: to find parameter specific “best” performing distance metric. 

6.3.2 Adaptive spatial kernel 

In this section, the Minkowski approach is carried out with adaptive spatial kernels to select 

an optimum distance metric for model 2. The corresponding AICc and AIC values in this 

process are presented in figure 6-19 and 6-20. Following the Minkowski approach, the BPD 

comes to be the Minkowski distance function specified with p = 8 and the coordinate system 

is rotated by an angle = , which minimises the AICc value at 49511.22. However, it 

does not imply a significant improvement over the standard GWR calibration, which 

produces an almost equivalent AICc value 49512.13.  
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On the other hand, as auxiliary information figure 6-20 provides the AIC values of these 

calibrations in this process. The AIC value is minimized at 48936.3 by a different distance 

metric from the chosen BPD according to the AICc value: p = 0.75 and  = . However, 

the AICc value produced by using this distance metric is 49520.14, which is by 8.01 larger 

than that in the corresponding ED calibration. As a result, it is not a clearly winning distance 

metric for calibrating model 2 with adaptive spatial kernels. Meanwhile, the AIC value from 

the BPD calibration is 48981.85, which shows a significant reduction of that corresponding to 

the ED calibration, for which the AIC value is 48998.49. In sense, the Minkowski distance 

function specified by the pair of values 8,  can still be taken as the BPD for 

this calibration. In addition, this case indicates that the AICc value is a better and more 

reliable criterion for choosing the BPD metric in GWR modelling. 

 
Figure 6-19 AICc values of calibrating model 2 using different sets of (p, θ) with adaptive 

spatial kernels 
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Figure 6-20 AIC values of calibrating model 2 using different sets of (p, θ) with adaptive 

spatial kernels 

Figure 6-21 presents the bandwidth selections for both calibrations. The two processes are 

quite similar to each other, and two close proportions are chosen as the adaptive bandwidths: 

0.0175 for the BPD calibration and 0.018 for the ED calibration. This may indicate that the 

BPD and ED calibrations could be also very close.  

On the basis of the chosen bandwidths, model 2 is calibrated respectively by implementing 

the BPD and ED metric with adaptive spatial kernels. The residuals from the two calibrations 

are compared at each regression point in figure 6-22. As we see, there are very weak 

fluctuations of the green line (i.e. the residuals of the ED calibration) around the red curve 

(i.e. the sorted residuals of the BPD calibration). This can be interpreted as a view that there 

is no clear winner in fitting accuracy for the two metrics. 

Furthermore, a PCP is produced to compare the coefficient estimates of the BPD and ED 

calibrations, as shown in figure 6-23. On observing these coefficient estimates in pairs, most 

of coefficient estimates from the BPD calibration are highly correlated with the 
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corresponding parameters in the ED calibration. For example, the CC between 

FLOORSZ(BPD) and FLOORSZ(ED) is 1 and for the parameters TYPEDETCH, TYPEFLAT, 

BLDPWWW1, BLD80S, BLD90S, BATH2 and CENTHEAT are all 0.99. In addition to the 

parallel patterns of those connecting lines between each pair of axes, the coefficient estimates 

of the two calibrations can also be determined to be very close. 

All these pieces of evidence indicate that the chosen BPD for model 2 with adaptive spatial 

kernels gives a very similar calibration to the standard GWR calibration, and it does not show 

significant improvement over the ED metric. Linked to the confusing behaviours reflected by 

the AICc and AIC values, the Minkowski approach failed to pick up a significantly better 

performing distance metric than the ED metric in this case, even though the chosen BPD 

metric is still appropriate for calibrating model 2 with an adaptive spatial kernel. 

 
Figure 6-21 Bandwidth selections of model 2 using the BPD and ED with adaptive spatial 

kernels 
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Figure 6-22 Residuals at each regression location from the BPD and ED calibrations of model 

2 with adaptive spatial kernels 
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Figure 6-23 Parallel coordinate plot of the coefficient estimates from the BPD and ED calibrations of model 2 with adaptive spatial kernels 

 



205 

 

6.4 Discussion 

The Minkowski approach is designed to find a “best” performing distance metric using the 

Minkowski distance function to approximate the underlying “optimal” distance metric for 

calibrating a specific GWR model. By and large, the BPD metric chosen by this approach can 

significantly improve the calibration of a GWR model, especially in the fitting accuracy. For 

example, the chosen BPD metric for model 2 has reduced the average prediction error by 

£1800 over the standard GWR calibration when adaptive spatial kernels are used. 

 
Figure 6-24 Coefficient estimates of model 1 respectively using TT, ED and the BPD metric 

with adaptive spatial kernels26 

The most important contribution of the Minkowski approach is that it enables to find and 

implement a better distance metric in a GWR calibration rather than blindly using ED. It is 

particularly useful when the underlying “optimal” distance metric is unclear or even unknown, 

or there is not enough information for calculating an “optimal” distance, like ND or TT which 

may require very precise road network data or traffic information. The Minkowski approach 

can make a good approximation of the “optimal” distance. For example, the BPD metric 

chosen by the Minkowski approach can approximate travel time (TT) for calibrating model 1 

with an adaptive spatial kernel. The use of TT significantly improved the calibration of model 

                                                            
26 These lines are fitted by the locally weighted scatterplot smoothing (LOESS) method. 
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1 over ED (see results in chapter 5). The TT calibration gave the AICc as 49919.25 and AIC 

as 49667.65, while the corresponding values for the ED calibration are respectively 49992.58 

and 49844.83. The BPD metric chosen in section 6.2.2 achieved a significantly improved 

calibration using an adaptive spatial kernel, of which AICc and AIC values are respectively 

49889.29 and 49629.90. Furthermore, the coefficient estimates from the three calibrations are 

presented in figure 6-24. In this figure, the estimates from the BPD calibration are extremely 

close to those from those from the TT calibration. This evidence suggests that the Minkowski 

distance function specified by the pair of values p 0.75, θ 7

18
π  can be a good 

approximation to the calculation of TT within London area. In addition, the implementation 

of TT also significantly improved the calibration of model 2 with a fixed spatial kernel. 

Coincidentally, the BPD chosen for this specific calibration in section 6.3.1 is also a 

Minkowski distance function with p equalling to 0.75. 

However, the Minkowski approach has two drawbacks in practice. On the one hand, it is 

usually very difficult to sketch out how a specific Minkowski distance function measures in 

our mind, except some common cases such as Manhattan distance (p=1) or ED (p=2). The 

rotation of coordinate system also adds considerable difficulties to our understanding this 

process. This is why the spatial patterns of the estimate changes shown in section 6.2 can 

only be interpreted with great difficulties. This forms a great challenge for the future studies 

of this approach. 

On the other hand, the Minkowski approach is a brute-force attack to search the BPD metric 

for a GWR model. Thus, the computation is really heavy. Notably, each search is 

independent from each other. Thus, it is easy to apply parallel computing techniques to speed 

up this approach (e.g. Harris et al., 2010c). This forms another interesting future direction of 

this topic. In addition, the values of p are flexible to define. Accordingly there are some 
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empirical studies on specifying the values of p to approximate different kinds of distances. As 

the previous example from Miller and Wentz (2003) shows, the actual travel distance could 

be typically represented by giving a value of p ranging from 1 to 2. These empirical studies 

may also be useful to narrow the ranges of the search, which may greatly reduce search time. 

The same is true for the rotation angle. 

In addition, the criterion to choose the BPD metric for a GWR model used here is the AICc 

value. However, there are more options which may evaluate the performances of different 

distance metrics in distinctive aspects, such as RSS or CV scores. Therefore, this also forms 

another important future direction for this approach. 

6.5 Summary 

In summary, the Minkowski approach has been proposed to select an optimum distance 

metric for a given GWR model. In this chapter, the London house price data was used to 

assess this method. The results have illustrated the feasibility of this approach and shown its 

improvement over the traditional manner using ED in calibrating a GWR model. It 

particularly outperforms ED in fitting accuracy which is important when GWR is used as a 

spatial predictor. In addition, it has shown a good ability of approximating an underlying 

“optimal” distance metric, such as travel distance.  

The Minkowski approach seems to be suitable for any kind of GWR modelling. However, 

there are two aspects to be noted: i) the type of spatial kernel used has an important impact on 

the results of this approach, even for the same given model; ii) the degree of improvement 

made by this approach may be weakened with a completely specified model, for instance the 

approach was not working well for model 2 when adaptive spatial kernels were used. 
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This method has been developed in the R software coding environment (R Development 

Core Team, 2011), for which the functions are included in an R package named fdgwr. The 

development and user’s manual of this package will be presented in the next chapter. 
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Chapter 7  R package ‘fdgwr’ 
 

Chapter 2 lists several toolkits available for applying GWR, such as releases of GWR version 

3.x and 4.0 (Charlton et al., 2007; Nakaya et al., 2009b), the GWR toolkit in ArcGIS (ESRI, 

2009), the R package spgwr (Bivand and Yu, 2006) and STIS (Arbor, 2010). In these tools, 

the Euclidean distance metric is commonly used, though the great circle distance may be also 

applied to calibrate a GWR model with data points geo-referenced to a geographical 

coordinate system (i.e. latitude and longitude). Not all kinds of distance metrics can be freely 

used for GWR calibration using the existed tools or software. To enable flexible usage of a 

distance metric in GWR, a specialised R package named fdgwr has been developed.  

This chapter introduces the theories behind the development of fdgwr and outlines user 

manual. Firstly the coding environment and dependent packages will be presented; secondly 

the users’ manual of fdgwr is expounded; and finally this chapter will be summarized. 

7.1 Coding Environment of fdgwr 

The fdgwr package is developed under the R software coding environment (R Development 

Core Team, 2011), an open source system for statistical computing and graphics. The R 

system has been widely applied in statistical studies and provides a huge range of graphical 

techniques; for example there are 3453 packages available on the Comprehensive R Archive 

Network (CRAN)27. There are a large number of packages available for handling spatial data, 

applying spatial methods or offering interfaces to GIS (Bivand, 2007). Among these packages, 

the packages sp (Pebesma and Bivand, 2005a) and maptools (Lewin-Koh and Bivand, 2011a) 

provide many fundamental functions for managing, processing and plotting spatial data. 

                                                            
27 See details in http://www.r-project.org/. 
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Building on these two packages, a package named spgwr was developed by Bivand and Yu 

(2006) to apply the standard GWR technique. These three packages then form the foundation 

for developing the fdgwr package, and they will be briefly introduced in the following 

sections. 

7.1.1 R package sp 

The package sp was developed to provide classes for managing spatial objects, and methods 

for handling, plotting and summarizing spatial data. The motivation for developing this 

package was that “multiple R packages for spatial statistics seemed to be hindered by a lack 

of a uniform interface for handling spatial data. Each package had its own conventions on 

how spatial data were stored and returned” (Pebesma and Bivand, 2005a, p.21). Accordingly, 

standard structures are defined and implemented to deal with different types of spatial objects 

in this package.  

 
Figure 7-1 Spatial points classes and the corresponding slots (Bivand et al., 2008, p. 35, Fig. 

2.2) 

In the package sp, a fundamental class, termed Spatial, is defined for all spatial objects, 

which consists of two slots: 1) bbox: bounding box to define the minimum and maximum x-y 

coordinates; 2) proj4string: a valid string of coordinate reference system (CRS) class (see 

Butler et al., 2007). The Spatial class is then extended into four categories of subclasses to 

define spatial points, lines, polygons and grids: SpatialPoints, SpatialLines, SpatialPolygons 
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and SpatialGrids. These subclasses are described by Bivand et al. (2008, p. 28-55) and are 

shown in figures 7-1, 7-2 and 7-3. 

 
Figure 7-2 Spatial lines and polygons classes and the corresponding slots (edited from Bivand 

et al., 2008, p. 40, Fig. 2.4) 

 
Figure 7-3 Spatial grids and pixels classes and the corresponding slots(Bivand et al., 2008, p. 

52, Fig. 2.8) 

The SpatialPoints class is extended from the Spatial class by adding a coords slot to store 

coordinates or locations. As shown in figure 7-1, an object of SpatialPoints class grows into a 

SpatialPointsDataFrame object by attaching a data slot. The slot contains the attribute data, 

which are kept in a data.frame object. The coords.nrs slot is a logical indicator, and the 

TRUE value means the coordinates are retrieved from the data.frame object when a 
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SpatialPointsDataFrame object is created28. 

Figure 7-2 shows the classes for defining spatial lines and polygons classes. The Line class is 

adopted with a two columns matrix to represent the 2-D coordinates of a sequence of points. 

The Lines object is constructed by attaching a list of Line objects together with an identifier 

slot (ID). Then the SpatialLines class is constructed by including the Spatial slot. Finally, the 

SpatialLinesDataFrame class is defined by attributing a data.frame object. Similarly, the 

classes of SpatialPolygons and SpatialPolygonsDataFrame are constructed. The essential 

difference between the spatial lines classes and polygons classes is that the representation of a 

polygon in R is a closed line, in other words the coords slot is a sequence of 2-D coordinates 

with the same starting and ending points. Based on the polygon structure, the following slots 

are uniquely defined: 1) labpt: label point, always recognised as the centroid for the polygon 

object and “the label point of the constituent polygon with the largest area” (Bivand et al., 

2008, p.43) for the polygons object; 2) area: area of the polygon or polygons object; 3) hole: 

logical slot indicates whether the polygon object has a hole; 4) ringDir: direction of the 

polygon coordinates; 5) plotOrder: order in which polygon objects are plotted.  

The structures of spatial grids and pixels are also defined as classes SpatialGrids and 

SpatialPixels in the package sp, as shown in figure 7-3. The definitions are more related with 

structures of SpatialPoints. Here a GridTopology object is attached as an important slot for 

both SpatialGrids and SpatialPixels classes, where three slots are contained: 1) 

cellcentre.offset: coordinates of the cell centre; 2) cellsize: cell size in each dimension; 3) 

cells.dim: number of cells in each dimension. 

                                                            
28 The rows in the data.frame object are matched with the SpatialPoints objects in the SpatialPointsDataFrame 

object; and the same notifications are made for the SpatialLinesDataFrame, SpatialPolygonsDataFrame, 

SpatialGridsDataFrame and SpatialPixelsDataFrame objects. 
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The package sp provides a standard interface between spatial data and the R system. It 

provides efficient and convenient operations to handle and process spatial data in R. In 

particular, the Spatial*DataFrame objects form good containers for applying the GWR 

techniques. 

7.1.2 R package maptools 

The package maptools provides a collection of functions to import and handle standard 

spatial data, particularly in the format of ESRI shapefiles (ESRI, 1998). To import and export 

spatial data, the following functions contained in this package are frequently applied (Lewin-

Koh and Bivand, 2011b, p.36-40). Their parameters are defined in table 7-1: 

 readShapePoints (fn, proj4string, verbose, repair): Import a point shapefile as a 

SpatialPointsDataFrame object. 

 readShapeLines (fn, proj4string, verbose, repair, delete_null_obj): Import a polyline 

shapefile as a SpatialLinesDataFrame object. 

 readShapePoly(fn, IDvar, proj4string, verbose, repair, force_ring, delete_null_obj, 

retrieve_ABS_null): Import a polyline shapefile as a SpatialPolygonsDataFrame 

object. 

 readShapeSpatial(fn, proj4string, verbose, repair, IDvar, force_ring, delete_null_obj, 

retrieve_ABS_null): A generalized function to import a shapefile as a corresponding 

type of spatial data frame object, i.e. Spatial*DataFrame. 

 writePointsShape, writePolyShape and writeLinesShape (x, fn, factor2char, 

max_nchar): functions to write shapefiles from a corresponding Spatial*DataFrame 

object. 
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Table 7-1 Parameters of listed functions in package maptools 

Parameter Description 

fn A string of each shapefile’s name without file extensions 

proj4string A valid proj4 string of class CRS 

verbose A logical indicator: if true, report the type of shapefile and number of features 

repair A logical indicator: if true, make repairmen of the internal values in the *.shx 

index file, particularly for the shapefiles provided by Geolytics Inc. 

IDvar Column name in the *.dbf that contains the IDs of the features (Only for the 

function readShapePoly) 

force_ring A logical indicator: if true, forcibly close unclosed rings (Only for the function 

readShapePoly) 

delete_null_obj A logical indicator: if true, remove null geometries together with the 

corresponding rows in the attached data frame 

retrieve_ABS_null A logical indicator: if TRUE and delete_null_obj is also TRUE, replace the null 

geometries by inserting ABS 

x A Spatial*DataFrame object 

factor2char A logical indicator: if true, the ‘factor’ columns are converted into ‘character’ 

attributes in returned shapefiles  

max_nchar Maximum number of characters allowed in a character field 

 

The ESRI shapefile is one of the formats most commonly used in GIS. The package 

maptools builds a shortcut to bridge the bilateral conversions between these shapefiles and 
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the corresponding Spatial*DataFrame objects. These functionalities make it much easier to 

apply the GWR technique in R by enabling convenient communication with GIS software, 

like ArcGIS. 

7.1.3 R package spgwr 

To apply the standard GWR technique, an R package, called spgwr, has been developed by 

Bivand and Yu (2006). It provides the necessary functions to implement GWR related 

techniques. As a free-access toolkit, it has been widely used in GWR applications. The 

development information of the latest release (spgwr v 0.6-13) is shown in figure 7-4. This 

package is developed on the basis of the packages sp and maptools. Its contents can be 

divided into five parts: 1) spatial kernels and choosing an optimum bandwidth; 2) calibrating 

linear and generalized GWR models; 3) significance and Moran’s I tests; 4) calculating local 

summary statistics; 5) sampling data sets. 

In the package spgwr, three types of spatial kernels are available for GWR calibrations: 

Gaussian (eq. (2.4)), Bi-square (eq. (2.5)) and Tricube (eq. (2.6)). To choose an optimum 

bandwidth with a given spatial kernel, two functions are available here: 

 gwr.sel(formula, data, coords, adapt, gweight, method, verbose, longlat, RMSE, 

weights, tol): choose a bandwidth for a basic GWR model; 

 ggwr.sel(formula, data, coords, adapt, gweight, family, verbose, longlat, RMSE, tol): 

choose a bandwidth for a generalized GWR model. 

Correspondingly, there are also two functions to calibrate a given GWR model, as follows: 
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 gwr(formula, data, coords, bandwidth, gweight, adapt, hatmatrix, fit.points, longlat, 

se.fit, weights, cl, predictions, fittedGWRobject, se.fit.CCT): calibrate a basic GWR 

model with specified bandwidth and kernel function; 

 ggwr(formula, data, coords, bandwidth, gweight, adapt, fit.points, family , longlat, 

type): calibrate a generalized GWR model. 

 
Figure 7-4 Development information of the latest version of package spgwr 

As introduced in chapter 2, statistical tests for spatial non-stationarity are defined for GWR. 

In spgwr, several functions are developed based on different statistics for this purpose, such 

as: 
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 LMZ.F1GWR.test , LMZ.F2GWR.test , LMZ.F3GWR.test(x): Leung’s F1,F2, F3 

significance tests (Leung et al., 2000b); 

 BFC99.gwr.test(x): significance tests proposed by Brunsdon et al. (1999); 

 BFC02.gwr.test(x, approx=FALSE): calculate the local summary statistics proposed 

by Fotheringham et al. (2002); 

 anova(x, ..., approx=FALSE): analysis of variance for GWR; 

 gwr.morantest(x, lw, zero.policy): compute the Moran’s I using three moment 

approximation proposed by Leung et al. (2000a). 

Furthermore, local summary statistics can be calculated by the function gw.cov(x, vars, fp, 

adapt, bw, gweight, cor, var.term, longlat), including localized mean, standard deviation and 

covariance. The parameters in the above functions are interpreted in table 7-2. For exploring 

and testing functions in this package, two sample data sets are provided in this package:  

 columbus: Columbus crime data; 

 georgia: Georgia census data.  
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Table 7-2 Parameters of functions in the package spgwr (see details in Bivand and Yu, 2011) 

Parameter Description 

formula Formula of the regression model 

data A data.frame object, or a SpatialPointsDataFrame or 

SpatialPolygonsDataFrame object as data points 

coords A two column matrix providing the coordinates of data points 

adapt A logical indicator: if true, the adaptive bandwidth is selected, i.e. a proportion 

between 0 and 1 of data points 

gweight Option for kernel functions, i.e. Gaussian, Bi-square and Tricube 

method Approach to selecting bandwidth, default is ‘cv’ while ‘aic’ is only available for 

gwr.sel() 

verbose A logical indicator: if TRUE the selection process is reported 

longlat A logical indicator: TRUE value means the coordinates are in longitude-latitude 

decimal degrees 

RMSE A logical indicator: if TRUE the RMSE is used for the CV approach 

weights Separate case-wise weights to use in weighted least squares 

tol Accuracy for optimizing bandwidth 

hatmatrix A logical indicator: if TRUE the hat matrix is returned by gwr() 

cl A cluster object for estimating local coefficients to cluster nodes 

fit.points An object to provide coordinates of regression points if they are different from 

the data points 
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Table 7-2 Parameters of functions in the package spgwr (Continuous) 

Parameter Description 

se.fit A logical indicator: if TRUE the standard errors of each local coefficient estimate 

is returned by gwr() 

predictions A logical indicator: if TRUE the predicted value for each regression point is 

returned by gwr() 

fittedGWRobject A calibrated gwr object used to calculate alternative coefficient standard errors 

 se.fit.CCT A logical indicator: if TRUE the coefficient standard errors are calculated by eq. 

2.43 in chapter 2 ( eq. 2.14 in Fotheringham et al., 2002, p.55) 

family A specification of the error distribution family for function ggwr() 

type The type of residuals returned by ggwr() 

x A gwr class object 

approx A logical indicator: if TRUE, the approximation of the GWR degrees of freedom 

is used for statistical tests 

lw a listw class object created for gwr.morantest() 

zero.policy A logical indicator: if TRUE, the lagged values of zones without neighbours are 

assigned as 0 

 

7.2 R package fdgwr 

Depending on the packages sp and maptools, a package named fdgwr has been developed 

from the package spgwr to calibrate a GWR models using a flexible distance metric. The 
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cover of the reference manual is shown in figure 7-5. The current release of the package is a 

beta version. It is divided into three parts: i) distance matrix calculation; ii) GWR model 

calibration; iii) GWR model specification. The contents are described in details in the 

following three sections. 

 
Figure 7-5 Development information of the latest version of package fdgwr 

7.2.1 Distance matrix calculation 

In the package, all the related geographically weighted computations are carried out on the 

premise that a distance matrix is required. For given sets of regressions points (m) and data 

points (n), the numeric distance matrix, , is calculated, of which each element  

corresponds to the distance measure between (from) data point i and (to) data point j. When 

the directed distance metric is implemented, the distance matrix may be asymmetric; 
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otherwise, it is always symmetric and square particularly when regression points and data 

points are taken as identical locations.  

Following the work in chapter 6, a separate function has been developed to calculate the 

distance matrix for the given regression and data points. The function is designed as: 

distance.matrix(data.points, regression.points, p, theta, longlat) 

where the parameters are : 

 data.points: same as the parameter data in the package spgwr; 

 regression.points: same as the parameter fit.points in the package spgwr; 

 p: the power of the Minkowski distance, default is 2, i.e. the Euclidean distance; 

 theta: the angle in radian to rotate the coordinate system, default is 0; 

Furthermore, the method for calculating a network-based distance metric was introduced in 

chapter 5. With the package shp2graph (Lu and Charlton, 2011), distances such as network 

distance or travel time can be efficiently computed within R by following the steps instructed 

in section 5.1.2.3. When dealing with a directed network, the directed distance metric should 

be considered and an asymmetric distance matrix can be acquired. 

7.2.2 Calibrating GWR with a flexible distance metric 

To calibrate a GWR model with a flexible distance metric, a function called fdgwr() is 

extended from the function gwr(), of which the usage is: 

fdgwr(formula, data, dMat, bandwidth, gweight, regression.points, hatmatrix, se.fit, 

predictions, adapt, fittedGWRobject, se.fit.CCT, F123.test) 
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where the new parameters are presented as follows: 

 dMat: a numeric distance matrix, of which the dimensions are consistent with the 

given regression and data points, generally created by the function distance.matrix(). 

 F123.test: a logical indicator: if TRUE, Leung’s significance tests (Leung et al., 

2000b) are carried out, and results are returned in the output file. 

In order to efficiently and conveniently deal with the results of fdgwr(), two functions are also 

include in the package fdgwr to export the outputs. The estimates of coefficients are written 

into a shapefile, and the summary information is recorded in a text file. The two functions are 

known as writeGWR.shp() and writeGWR() with the following parameters: 

 x: an object of class fdgwr, which is returned by the function fdgwr(). 

 fn: file name for the written results, by default the output files can be found in the 

working directory with names “GWRresults.txt” and “GWRresults(.shp, .shx, .dbf)”. 

 

 
Figure 7-6 Data and model information 
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Figure 7-7 Results of global regression 

Furthermore, the output summary is provided with a new layout by the function print.fdgwr(). 

The output is consisted of four panels: model information, results of global regression, results 

of GWR and significance tests. Figure 7-6 presents the model information panel, which 

contains the called function with specified parameters, dependent and independent variables, 

and sampling size of data points. Figure 7-7 shows the panel including the output from the 

global calibration using OLS. It includes two parts of information: the matrix of the 

coefficient estimates and diagnostic information. The matrix contains five columns: 1) 

coefficients to be estimated; 2) coefficient estimates; 3) standard errors of coefficient 

estimates; 4) t statistics for hypothesis tests; 5) p-values for the t-tests. The diagnostic 

information is provided in the other part, which includes residual standard error, two versions 

of R squared values, F statistic of hypothesis test, RSS, the standard error of estimate and two 

types of AIC values. In the following panel, the GWR results are provided, as shown in 

figure 7-8. The first part of this panel is about the kernel function used and the corresponding 
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bandwidth. Secondly, a 5-number summary of the coefficient estimates for each regression 

point is printed, in which the minimum, lower quartile, median, higher quartile and maximum 

values are presented. The third part of this panel is the diagnostic information, and it contains 

similar items with the global results so as to facilitate comparison. In the third panel, the 

significance tests for a GWR calibration are optionally provided in an output document, 

which is on the conditions that both hatmatrix and F123.test are set as TRUE. As shown in 

figure 7-9, the part actually contains four different significance tests: Leung’s significance 

tests and the F test introduced by Fotheringham et al. (2002), which is called ‘F4 test’ for 

differentiation. 

 
Figure 7-8 Results of GWR 

In addition, the Monte Carlo approach is available to make significance testing of the 

variability for each individual parameter. The function is called MontCarlo, which can be 

used as: 

MontCarlo(formula, data, dMat, n, gweight, adapt, bandwidth) 

where n represents the number of simulation times. 
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Figure 7-9 Results of significance tests for GWR calibration 

Correspondingly, a function was programmed to choose an optimum fixed or adaptive 

bandwidth with a specified distance matrix. It is called fdgwr.sel(), of which the usage can be 

clarified as: 

fdgwr.sel(formula, data ,dMat, adapt, gweight, method, verbose, RMSE, tol, plot.bwcv) 

where plot.bwcv is a logical indicator that the selection process will be reported in a text file 

“bwsel.txt” and also plotted in a pop-up window if its value is TRUE, as exemplified in 

figure 7-10. 

      

          (a) “bwsel.txt” file                                                 (b) Pop-up plot 
Figure 7-10 The example output of fdgwr.sel() when plot.bwcv is TRUE 
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7.2.3 GWR model specification 

To specify a GWR model by AIC, a stepwise-like procedure has been designed to model in a 

‘forward’ direction, of which the steps were introduced in chapter 5. In the fdgwr package, it 

is instanced as the function Model.selection, which can be implemented in the following way: 

 Model.selection(DeVar, InDeVars, data, dMat, bandwidth, adapt.bw, gweight) 

where the parameters are specified as: 

 DeVar: dependent variable to construct GWR models; 

 InDeVars: a vector of exploratory variables to construct GWR models; 

 bandwidth: bandwidth used for the selection procedure; if NULL, fdgwr.sel() is used 

to choose a bandwidth for each calibration with the CV approach; 

 adapt.bw: a logical indicator, and if the value is TRUE, the bandwidth is regarded as 

adaptive bandwidth, or a proportion of data points is chosen by fdgwr.sel() when 

bandwidth is not specified. 

In the stepwise-like AIC procedure,  different regression models are tested for a 

collection of m exploratory variables. When m is a large number, the number of tested 

regression models will grow to a large amount. A circle view can then be created to clearly 

and efficiently visualize all the tested models in a stepwise-like procedure. In a circle view, 

the dependent variable is located in the centre of chart; the exploratory variables are 

represented as nodes of different shapes and colours; each model is specified by a set of 

nodes connected by the corresponding line. This view has been repeatedly used in the 

previous chapters, illustrating this principle. A circle view can be generated by the following 

function: 
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modelview(DeVar, InDeVars, model.list) 

where model.list is a list of tested GWR models returned by the function Model.selection(). 

Serving for the stepwise-like procedure, a specific function to calibrate a GWR model is 

included in this package: 

Calibrate.GWR(DeVar, InDeVars, datafn, bandwidth, adapt, dMat, fn) 

Notably, parameter datafn refers to the name of employed data. The results of this function 

are automatically written in the documents with the same name fn. 

7.3 Summary 

In this chapter, the fdgwr package has been introduced. It is developed in the R software 

environment depending on the packages sp and maptools. To some extent, it can be 

recognised as an extension of the spgwr package; in contrast, it has the following additional 

features: 

I. It uses a flexible distance metric to calibrate a GWR model with a pre-defined 

distance matrix between regression points and data points. This means that any type 

of valid distance measure can be used instead of being limited to the Euclidean 

distance metric. 

II. It provides more structured and comprehensive calibration results, particularly with 

regard to the orderly layout and more diagnostic information for both global and 

GWR calibrations in the output documents. 
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III. It includes a stepwise-like AIC procedure for GWR model specification, and 

innovatively supplies a circle view to efficiently and clearly visualize all the tested 

models in a stepwise-like procedure. 

In summary, the package fdgwr provides a toolkit to calibrate a GWR model using a flexible 

distance metric. It forms the basis of the experiments in the previous two chapters, but needs 

much future work to improve its efficiency and robustness. 
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Chapter 8  Conclusions 
 

This thesis has attempted to explore the usage of non-Euclidean distance metrics in 

calibrating a GWR model. For this purpose, three research objectives were proposed in 

chapter 1: i) explore the methodologies of using non-Euclidean distance metrics in GWR; ii) 

test these methodologies with case studies; iii) develop algorithms and tools to apply different 

or flexible distance metrics in GWR. In chapters 2 and 3, the theoretical concepts and related 

methodologies on the GWR technique and distance metrics in geographical space were 

addressed. In chapter 4 house price data samples (within London and the West Midlands) 

were taken and examined using the “standard” GWR technique based on the hedonic house 

price modelling method. The first two research objectives were addressed in chapters 5 and 6: 

in chapter 5, network distance (ND) and travel time (TT) metrics were applied with the 

empirical studies on the London and WMC house price data; in chapter 6, the Minkowski 

approach was proposed for distance metric selection in GWR and explored with the same 

data. The third objective was developed in chapter 7 by describing the development of and a 

users’ manual for the R package fdgwr. 

This concluding chapter summarizes the previous chapters and makes some suggestions for 

the future work on this topic.  

8.1 Research achievements 

8.1.1 Modelling house price data with GWR 

The empirical studies began with modelling the London and WMC house price data using the 

hedonic house price modelling method (chapter 4). In this process, hedonic housing 

characteristics were following standard practices divided into locational attributes, structural 
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attributes and neighbourhood attributes. Accordingly, 19 related hedonic variables were 

chosen to explain house price variation. The relationships between sale prices and these 

exploratory variables were initially investigated via maps or graphs, such as boxplots and 

parallel coordinate plot. This pre-analysis contributed to understanding the subsequent GWR 

calibrations and outputs in chapters 4, 5 and 6. 

From the perspective of exploratory data analysis, both data sets were examined by the 

ordinary least squares (OLS) and standard GWR technique. Models were specified by a 

stepwise-like AIC procedure and calibrated respectively as a global regression (OLS) model 

and a local GWR model. The standard GWR calibrations have shown improvements against 

the OLS calibration. Statistical hypotheses tests also confirmed non-stationarity in the data 

relationships. For the GWR estimates, the coefficients were visualized together with the 

adjusted t test surfaces to present the spatially varying estimates. The whole process provided 

a thorough investigation and modelling of the London and WMC house price data using the 

standard GWR technique, although it has not been set as a research objective of this thesis. 

This analysis verified the feasibility of using GWR to model the two samples in chapter 5 and 

6 besides providing reference comparators. The theories and methodologies used are 

applicable in other cases studies using the standard GWR technique, and form a good 

guidance for modelling housing markets. 

8.1.2 GWR calibration with non-Euclidean distance metrics 

To achieve the first two research objectives, non-Euclidean distance (non-ED) metrics were 

used in the GWR calibrations. The ND and TT metrics were implemented with the London 

house price data whilst only ND was implemented with the WMC house price data (due to 

the lack of reliable road speed data). The relative methodologies and empirical results were 

addressed in chapter 5. 
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In chapter 5, two methodologies were described: i) approaches to calculating a context-based 

distance metric, particularly referring to ND and TT; ii) methods of implementing a non-ED 

metric in GWR. In order to efficiently calculate ND or TT, a graph data model was 

established for managing the road network data. Accordingly, the R package shp2graph (Lu 

and Charlton, 2011) was developed to convert a network to a graph. Based on this package 

and other R packages, a practical approach to calculating ND or TT was developed. 

Furthermore, as a bridging toolkit between a vector-format network and a graph-class object 

in R the package shp2graph is also useful in graph visualization and network analysis. 

Subsequently, the approach to implementing a generalized distance metric in GWR was 

addressed by directly replacing the ED metric in the standard GWR technique. In particular, a 

stepwise-like procedure was proposed to investigate the performance of a non-ED metric by 

testing a group of GWR models with different combinations of the given exploratory 

variables. For the London house price data, both ND and TT were used for calibrating GWR 

models and the results were compared with the corresponding ED calibrations; in comparison, 

ND was also used with the WMC house price data but TT was not tried due to the lack of 

reliable road speed information within this county. Furthermore, separate executions of the 

stepwise-like procedure employed fixed and adaptive spatial kernels for the GWR 

calibrations. 

The study with the London house price data indicated that TT was the best performing metric 

among the three distance metrics; in contrast, ND did not present an apparent superiority over 

ED, but still performed quite well in fitting accuracy. The superiority of TT was very evident 

over ED when the fixed spatial kernels were employed for GWR calibrations. The 

performances that resulted from these calibrations could be generalized as follows: 
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 When fixed spatial kernels were used for the stepwise-like procedure, bandwidths for 

the ND or TT calibrations were linearly correlated with the corresponding values for 

the ED calibrations; on the other hand, the bandwidths generally tend to be smaller 

than those for the corresponding ED calibrations when adaptive kernels were adopted. 

 The calibrations using ND or TT were similar to the corresponding standard GWR 

calibrations, especially when “similar”29 bandwidths were used; In other words, the 

differences between a non-ED (i.e. ND or TT here) calibration and the corresponding 

ED calibration could be partly caused by the different bandwidths used. 

 A strong locally-Euclidean effect (see page 164 in chapter 5) was found in ND 

calibrations with fixed spatial kernels: the coefficient estimates tended to be very 

similar where both points and roads are intensive; however, the effect was not clear 

for the calibrations with adaptive spatial kernels. In other words, the differences in 

coefficient estimates between a non-ED and ED calibration tended to be related to 

road and data point densities. 

 In the contrast to the locally-Euclidean effect, a cut-off effect was also found where 

great differences between the ND (or TT) calibrations might appear due to the 

existence of some natural barriers; in these studies with the London house price data, 

the River Thames formed a good example of this phenomenon that along it noticeable 

changes of coefficient estimates were apparent in most of the experiments. 

 The results with adaptive spatial kernels have shown more varieties in the estimates 

and their instabilities than those with fixed spatial kernels. 

 In comparison with ND, the changes for the TT calibrations were more irregular over 

                                                            
29 Sometimes, it is not easy to say whether the bandwidth for a calibration using a non-ED metric is similar to 

that for the corresponding ED calibration due to the differences on distance measurements; of course, the 

adaptive bandwidths are always comparable. 
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the study area. 

The WMC house price data was studied using only ND in the GWR calibrations. Here, ND 

has shown a better performance than ED when fixed spatial kernels were used; conversely, 

ED was an apparent winner when adaptive spatial kernels were used. In this case study, the 

bandwidths for the ND calibrations were also linearly correlated with those for the 

corresponding ED calibrations when fixed spatial kernels were used. Furthermore, the 

differences between the ND and ED coefficient estimates were confirmed to be related with 

road and data point densities as well, where the locally-Euclidean effect appeared to verify 

this. 

In brief, the studies in chapter 5 demonstrated that a properly chosen non-ED metric could 

improve the calibration of a GWR model, and especially for the fitting accuracy. Notably, all 

the conclusions in this stage were summarized from case studies with the house price data, 

and then we cannot say that they are applicable for any other instances of implementing non-

ED metrics in GWR but they could provide references for them. 

8.1.3 Distance metric selection for GWR 

Thus from the previous section, the use of non-Euclidean distance metrics (i.e. ND and TT) 

in GWR has been shown to improve the GWR model calibration, especially with respect to 

fitting accuracy. However, there could not necessarily be one distance metric outperforming 

the rest. Therefore, an approach called the ‘Minkowski approach’ was proposed to select an 

optimum distance metric for a given GWR model. 

The Minkowski distance is a general form of distance metric. It has been frequently used to 

approximate a specific distance metric (e.g. Shahabi et al., 2002; Shahid et al., 2009). By 
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means of this special distance function, the Minkowski approach was designed to find an 

approximated “optimal” distance metric for a GWR model via a ‘brute-force’ procedure. In 

addition to specifying a Minkowski distance by assigning a value to the parameter p, the 

influence of the rotation of the coordinate system was also assessed. Therefore, a chosen 

distance metric for a GWR model results in a Minkowski distance specified by both a value 

of p and an angle θ for coordinate rotation. 

The Minkowski approach was again assessed with the London house price data. In this 

process, a simple model and a more complex model were studied respectively with both fixed 

and adaptive kernels. The results have shown that the best performing distance (BPD) chosen 

by the Minkowski approach could significantly improve the calibration of a GWR model. 

Particularly in the fitting accuracy, almost all the BPD calibrations have shown considerable 

reduction in fitting errors over the corresponding ED calibrations. Furthermore, the influence 

comparison between the BPD and TT for model 1 in chapter 6 has demonstrated the ability of 

this approach to approximate an underlying “optimal” distance metric for a GWR model. 

The current findings on the Minkowski approach have supported its wider usage for many 

kinds of GWR modelling. However, there were two important issues discussed in chapter 6 

for its application: 

 The type of spatial kernel used has presented an important impact on the results of 

this approach, even for the same model. 

 The degree of improvement made by this approach might be greatly weakened when 

a model is completely specified. 
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8.1.4 R package fdgwr 

The third research objective of this thesis is to develop algorithms and tools to apply flexible 

distance metrics in GWR. It was described in chapter 7 by developing an R package named 

fdgwr which enables flexible usage of different distance metrics in GWR. In this package, 

three elements of functionality have been included: i) distance matrix calculation for GWR 

calibration; ii) GWR model calibration with specified distance matrix; iii) GWR model 

specification. 

There are two types of distance calculations discussed in this thesis: i) context-based distance 

metric; ii) Minkowski distance function with coordinate rotation. Two context-based distance 

metrics were used in chapter 5: ND and TT. However, there is not a single function for 

calculating both due to the extra complexity of doing so. The method has been addressed in 

chapter 5 based on the other R package shp2graph. Following the idea in chapter 6, a 

function was provided in the package fdgwr to compute a distance matrix for the given 

regression and data points with specified Minkowski distance and rotation angle. It is flexible 

enough to provide several common distance metrics, including Euclidean distance, 

Manhattan distance and Chebyshev distance. 

In the package fdgwr, the functions for calibrating GWR were developed from the package 

spgwr (Bivand and Yu, 2006). In comparison with the package spgwr, there are several 

additional characteristics: i) a distance matrix has to be provided for any geographically 

weighted computation; ii) more structured and comprehensive outputs are designed in the 

package fdgwr, especially for the diagnostics and the layout of outputs (see chapter 7). 

Furthermore, the distance metric used for this package is not confined to the ones presented 

in this thesis, but is appropriate for any type of valid distance measure. This means this 

package may suit a broader range of GWR applications. 
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The functionality of model specification is an important innovation in this package. It has 

been frequently applied in chapters 4 and 5. A stepwise-like procedure was developed to 

investigate GWR models with different combinations of exploratory variables and specify the 

best-performing model based on the AIC variations. It is not only a model selection process, 

but also helpful in comprehensively understanding the performances of GWR with a given 

group of exploratory variables, and that is why it was repeatedly used in chapter 5. Moreover, 

the circle view display was designed to clearly and efficiently visualize all the tested models 

from the stepwise-like procedure. It makes the presentation of a model specification process 

very clear in a single display, even though there may be a large number of models. 

8.2 Future directions 

In this thesis, non-Euclidean distance metrics (including ND and TT) have been implemented 

in GWR to replace ED metric used in other software implementations, such as GWR3.0, 

GWR4.0, ArcGIS, STIS and spgwr. In addition, the Minkowski approach has been 

proposed for distance metric selection. All the methodologies have been tested with two 

house price data sets. Overall, this research has made a valuable contribution to implementing 

non-Euclidean distance metrics in GWR. However, it is far from comprehensive on this topic, 

but is considered as a good start for more in-depth studies. In this section, two important 

future directions around this topic are anticipated. 

8.2.1 Empirical studies based on simulation data 

In this thesis, the samples from a British house price data set have been used for the case 

studies in chapters 5 and 6. In addition, the ND and TT for the experiments in chapter 5 were 

calculated from the road network data produced by the Ordnance Survey (OS) in UK, in 

which locations of the speed limits provided by the Transport for London were used for 
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calculating TT. The implementations of these data sets have made great contributions from 

the practical point of view, but they also produced a few difficulties in exactly exploring how 

a non-Euclidean metric works for GWR: 

 The calculations of ND and TT cannot be considered as highly accurate since the 

accuracy of house locations that were acquired from geo-coded postcodes, the 

accuracy of road network data may include various kinds of defects (particularly 

topological errors and the accuracy of road speed information).  

 For case studies with the house price data in this thesis, ND and TT were empirically 

chosen for GWR calibration. However, the influences of implementing them in these 

studies could not be exactly anticipated, especially for different combinations of 

exploratory variables used. This causes these experiments to be more uncontrollable 

and uncertain. 

 For a non-Euclidean metric, there is usually a drawback that it may be very difficult to 

physically sketch what it measures, particularly for the TT used in chapter 5 and the 

Minkowski distance function implemented with the rotated coordinates in chapter 6. 

The performances of implementing non-Euclidean distance metrics in GWR cannot be fully 

addressed due to the uncertainties caused by the above defects. As a result, studies based on 

simulation data can be undertaken to explore this topic in more detail. In this way, all the 

defects can be avoided in the simulation process, because: 

 The measures of a non-Euclidean distance can be accurately made in a controllable 

way. 

 The regression data can be simulated by following a certain number of rules, which 

make it much easier to evaluate the performances of different distance metrics used to 
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calibrate a GWR model. Particularly, the targeted simulations can be carried out to 

present specific aspects of implementing a non-Euclidean distance metric in GWR. 

 The most important advantage of undertaking a simulation test is that it enables 

greater generalization of the conclusions.  

8.2.2 Calibrating GWR with parameter-specific distance metrics 

As indicated in section 5.3.2.1 of chapter 5, the TT has shown different influences on the 

estimates of the parameters FLOORSZ and GARAGE1 according to the adjusted t test results. 

This is a good example of the inference that different variables may have distinctive 

responses to a distance metric. In other words, different independent variables in a 

multivariate model may correspond to different “optimal” distance metrics for model 

calibration. So then another potentially interesting topic for future research can be proposed 

here: calibrate a GWR model using parameter specific distance metrics. 

It is not an entirely innovative topic and actually the mixed GWR introduced in section 2.3.1 

of chapter 2 has provide a special case, if we regard the global items as using a “uniform” 

distance metric. Correspondingly, the methodologies to calibrate a mixed GWR model can 

also be adjusted to fit a GWR model with parameter specific distance metrics.  

 
(8.1) 

For example, a general GWR model can be written as eq. (8.1), where  0, ,  is 

the vector of jth coefficient estimates,  1,  is the vector of values for the ith 

exploratory variable. We assume the specific distance metrics are respectively 

, , ,  for estimating these parameters. Then, this model can be calibrated in a 
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back-fitting approach adjusted from the method proposed by Brunsdon et al. (1999). If the hat 

matrix for each coefficient estimates is defined as  and the equation (8.1) can be rewritten 

as: 

                                                   ∑  = ∑ y                                                      (8.2) 

and the procedure to calibrate the model using parameter specific distance metric can be 

described in the following six steps: 

Step 7. Initialize values of , ,   with , ,  . 

Step 8.  Set i=1. 

Step 9.  Set ∑ , , where the  is a 

function defined as eq. (8.3), and  is calculated using distance metric . 

                        ,
,   

,
                               (8.3) 

Step 10. Repeat Step 3 from 0 to m. 

Step 11. Set i=i+1. 

Step 12. Return to Step 3 unless ∑   converges to . 

However, this approach is still in a conceptual stage that is eventually to be tested, 

particularly using simulations. Furthermore, the following issues arise:  

 How can we select a distance metric for each parameter in a mode? 

 This algorithm may be cumbersome especially when the number of independent 

variables is large, so the computational cost should be reduced via means such as 

properly initializing the values of . 
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 Parameter specific bandwidths can also be concerned for this approach, which has 

been proposed by Yang et al. (2011) for the GWR technique using ED. 

8.3 Final remarks 

GWR has been applied broadly in various domains since its emergence. It has been 

recognised as one of the most important local techniques to investigate spatially varying 

relationships. This process has been accompanied by the continued innovations and 

explorations into the mechanics of the technique itself. This thesis has achieved an extension 

of GWR to implement different distance metrics in its calibration. However, it is not an “end-

state” dissertation, but makes a good start for further studies. With deeper understanding of 

the complex nature of geographical space, this topic will undoubtedly lead to further in-depth 

and detailed studies in the future. 
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Appendix A Location maps of boroughs in London 

and the West Midlands 
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Appendix B 
Note: In this part, the coefficient estimates are presented on the left, while the corresponding 

adjusted t-tests are presented on the right side. 

B.1 GWR modelling with the London house price data 
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B.2 GWR modelling with the WMC house price data 
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Appendix C 
Note: In this part, the coefficient estimates using ED are presented on the left, while the 

corresponding estimates using ND or TT are on the right side. 

C.1 Experiments with London house price data 

C.1.1 Coefficient estimates using ND and ED with fixed spatial kernels 

Model NO 18 

PURCHASE β u , v β u , v FLOORSZ β u , v BLDPOSTW  
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Model NO 22 
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C.1.2 Coefficient estimates using ND and ED with adaptive spatial kernels 
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Model NO 21 
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C.1.3 Coefficient estimates using TT and ED with fixed spatial kernels 

Model NO 19 
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Model NO 83 
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C.1.4 Coefficient estimates using TT and ED with adaptive spatial kernels 

Model NO 84 

1
80 90 2 1  

 

      

      

      



287 

 

      

      

      

      



288 

 

      

      

      

      

 



289 

 

C.2 Experiments with the WMC house price data 

C.2.1 Coefficient estimates using ND and ED with fixed spatial kernels 

Model No. 44  
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C.2.2 Coefficient estimates using ND and ED with adaptive spatial kernels 

Model No. 45  
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Appendix D 
Note: In this part, the coefficient estimates using ED are presented on the left, while the 

corresponding estimates using the BPD are on the right side. 

D.1 GWR model 1 

D.1.1 Coefficient estimates using the BPD and ED with fixed spatial kernels 

        

        



294 

 

D.1.2 Coefficient estimates using the BPD and ED with adaptive spatial kernels 
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D.2 GWR model 2 

D.2.1 Coefficient estimates using the BPD with a fixed spatial kernel30 

       

       

       

                                                            
30 The coefficient estimates using ED have been shown in chapter 4 and Appendix B. 



296 

 

       

       

       

       



297 

 

D.2.2 Coefficient estimates using the BPD and ED with adaptive spatial kernels 
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