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Abstract

We discuss the Gaussian beam mode analysis of Bessel beams, eigen-solutions of the wave-equation in cylindrical

polar coordinates which neither change form nor spread out as they propagate. Approximate, limited diffraction finite

aperture, pseudo-Bessel beams having intense on-axis spots with large depths of field can be produced experimentally in

the far infrared by using plastic conical lenses, known as axicons. We illustrate the physical insight provided by

Gaussian beam mode analysis of such systems. Such pseudo-Bessel beams can be usefully approximated by high-order

Gaussian–Laguerre modes, which have similar propagation characteristics. The size of the on-axis spot produced by an

axicon, and its depth of focus, can be estimated from a single best-fit high-order Gaussian–Laguerre mode, and a more

detailed description of behaviour can be achieved by adding a few additional modes of neighbouring orders. The

strength of Gaussian beam mode analysis is that it is straightforward to model the propagation of Bessel beams through

complex systems of long wavelength optical components, such as apertures, mirrors, and lenses. We report the

experimental generation and measurement of a 0.1 THz Bessel beam, and show that useful performance is possible for

an axicon having a scale size just one order of magnitude greater than the wavelength. This work confirms the technical

feasibility of designing and building long-wavelength optical systems based on Bessel beams.
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1. Introduction

A cylindrically symmetric diffraction limited [1]
free-space solution of the scalar wave equation
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whose scale size is independent of propagation was

first presented in 1987 by Durnin [1], and has the

form [2]

Eðr; z; tÞ ¼ J0ðkrrÞ expðiðkzz� xtÞÞ; ð1Þ

where the radial and axial wavenumbers, kr and kz
respectively, are related to the free-space wave-

number, k0 ¼ 2p=k0 ¼ x=c, by the dispersion
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relationship k2
z þ k2

r ¼ k2
0 . x is the angular fre-

quency, k0 the free-space wavelength, and c the

speed of light in vacuum. J0 is the zero-order

Bessel function of the first kind. For 0 < kr 6 k, kz
is real and the field profile, described by the zero-
order Bessel function J0ðkrrÞ, possesses a sharp

non-diverging central peak, surrounded by a set of

concentric rings, all of which propagate, for an

infinitely large beam, with constant amplitude and

scale size. Although it is impossible to produce an

ideal Bessel beam, because of its infinite lateral

extent, a good approximation can nevertheless be

realised in real physical systems.
At optical wavelengths, it is straightforward to

produce ‘‘limited diffraction’’ [3] Bessel beams be-

cause components can be many thousands of

wavelengths in diameter, but at submillimetre

wavelengths the finite transverse extent becomes

more of a problem. A key question is can Bessel

beams having interesting and useful properties be

generated at long wavelengths, and how can the
behaviour of Bessel beams be modelled when they

propagate through complex systems of finite-sized

optical components? If suitable design procedures

can be found then there will be numerous applica-

tions for this technology in areas as diverse as

astronomical instrumentation and medical imaging.

Durnin et al. [2] originally used an annular

aperture in the focal plane of a lens to produce an
approximate Bessel beam, but optical configura-

tions using axicons [4] proved to be more efficient.

The use of computer generated holograms and

axicons of finite diameter at longer millime-

tre wavelengths have also been reported; these
Fig. 1. (a) The geometrical configuration used to produce a Bessel bea

axicon. (b) The cone angle c, and the angle b by which an incoming
produce ‘pseudo’ Bessel beams that maintain their

form over a predetermined propagation distance

before spreading rapidly beyond this range [5–7].

A basic configuration capable of producing Bessel

beams in the far-infrared is shown in Fig. 1. When

a Gaussian beam with a flat phase front (at a
quasi-collimated waist position) is incident on the

axicon, the additional focusing effect of the axicon

causes strong near field interference effects in the

region where the deflected beam overlaps with it-

self. Since, in the geometrical optics limit, the an-

gles of overlap remain constant with the

propagation distance, the profile of the interfer-

ence pattern generated remains essentially invari-
ant over the overlap region. The axial symmetry of

the system results in the beam pattern having an

amplitude profile that is approximated by a Bessel

function of order zero jJ0ðkrrÞj2 [8]. Beyond the

overlap region the on-axis beam amplitude falls

rapidly to zero. In the far field of the axicon, the

field has an annular form, as expected in the geo-

metrical optics limit.
The propagation characteristics of a Bessel

beam produced by an axicon are determined by

the wavelength of the incident radiation, the angle

of deviation b of the axicon, and the effective ra-

dius a of the axicon (i.e. the axicon rim for uniform

illumination or weighted radius for an apodised

profile such as an incident Gaussian beam). An

estimate of the ‘‘limited diffraction depth of focus’’
Df of a pseudo-Bessel beam can be obtained from

Snell’s law, and is given by

Df ¼ a= tan b; ð2Þ
m. A Gaussian beam is incident on a conical lens, known as an

ray is refracted after passing through the axicon.
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where sinðb þ cÞ ¼ nr sin c: here, nr is the refractive

index of the axicon, and c is the effective prism

angle––see Fig. 1. This result is only an approxi-

mation, however, as a typical far-infrared axicon

will only have a diameter that is one or two order
of magnitudes greater than the wavelength and so

edge diffraction effects will be more pronounced at

far-infrared wavelengths than optical wavelengths,

making the geometrical analysis less accurate.

The intense central spot of the beam produced

by an axicon is very narrow, and furthermore ap-

pears to have an unphysically large depth of focus.

In other words, if the central peak of a Bessel beam
is approximated by a simple Gaussian having a

radius of WCM, then the Bessel beam central peak

remains collimated over distances much greater

than pW 2
CM=k, the usual quasi-collimated confocal

Rayleigh range [9]. Of course, the important

physical difference between a simple Gaussian

beam and a true Bessel beam is the presence of low-

level diffraction rings in the Bessel beam. The
apparent extension of the confocal range can be

used in long-wavelength optical systems where a

large depth of focus is needed in combination with

high intensity and high spatial resolution [9].

An axicon having a finite diameter also pro-

duces an on-axis peak that diffracts very little over

some focal range Df . If the axicon is illuminated by

a plane wave, however, diffraction effects can be
very large [11]. These effects can be minimised by

apodising the incoming beam such as, for example,

by using Gaussian illumination [12]. For long

wavelength systems, this approach is convenient,

because highly tapered beams are generated by

metallic waveguide and dielectric horns. In fact,

the commonly used scalar horn has an aperture

field that has the form of the central peak of the
lowest order Bessel function jJ0ðkrrÞj2 [13].

Edge diffraction and truncation effects can be

efficiently analysed and predicted using Gaussian

beam mode analysis. A high-order Gaussian–

Laguerre mode has an amplitude profile that is

quite similar to a Bessel beam. They both possess a

narrow central peak, extended diffraction rings,

and remain collimated over a distance that is much
larger than the confocal distance suggested by fit-

ting a simple Gaussian to the central maximum. Of

course for such high-order modes, only a small
fraction of the total power is contained in the

central peak, and it is the effective radius of the

extended beam, including all of the diffraction

rings, that determines the real Rayleigh range. By

developing a multi-mode Gaussian-beam model, it

should be possible to gain considerable insight into
the behaviour of Bessel beams, and in particular,

the way in which finite-sized axicons limit the

performance that can be achieved: this topic is

covered in Section 2. In addition, the analytical

power of the Gaussian beam mode analysis can be

brought to bear on the design and modelling of

multi-element quasi-optical systems where axicons

and Bessel beams are used. One can treat refo-
cusing components, free-space propagation,

vignetting, and aberration, in a straightforward

and elegant manner, and feeds such as corrugated

horns are readily described in terms of Gaussian–

Laguerre mode coefficients. The analysis of

standing waves caused by reflections is also well

within the capability of the formalism. The prop-

agation of Bessel beams through complex quasi-
optical systems is discussed in Section 3.

In Section 4, the experimental verification of a

series of computer simulations is outlined. In

particular, results obtained at 0.1 THz with an

axicon manufactured from high-density polyeth-

ylene are discussed. We show that it is possible to

produce long-wavelength Bessel beams having

central spots of just a few wavelengths in diameter.
The combination of high intensity, resolving

power, and depth of focus have many applications

in optimising the performance of terahertz imaging

systems. It is also possible to imagine developing

novel axicon-coupled devices. For example, one

could produce a compact Bessel-beam source by

placing an axicon at the aperture of a large scalar

horn. Axicons also provide alternative focussing
devices to lenses for transporting and coupling

power in beam guides. The analysis of such

schemes can be realised in a straightforward

manner by using Gaussian beam mode analysis.
2. Gaussian beam mode analysis of axicon beams

In this section, we present the basic Gaussian

beam mode analysis (GBMA) of an axicon beam.
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In previous papers, we have shown the equivalence

of the more typical Fresnel transform approach

with GBMA in the case of classical diffraction

problems and the diffraction theory of aberrations

[14,15]. When modelling an axicon in the paraxial

limit, the simplest approach is to consider the ax-
icon as a thin phase-transforming screen of finite

diameter at z ¼ 0, with the diffracted radiation

suffering a conical phase transformation of

dðrÞ / r. The total amplitude EðX ; Y ;ZÞ at a point

ðX ; Y ; ZÞ on an observation plane z ¼ Z can be

calculated from the diffraction integral

EðX ; Y ; ZÞ /
Z 2p

0

Z a

0

e�ik0q

q
e�idðrÞrdrd/; ð3Þ

where q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðX � r cos /Þ2 þ ðY � r sin /Þ2 þ Z2

q
, a

is the radius of the axicon and ðr;/Þ are the polar

co-ordinates of a point on the axicon plane (Fig. 2).
The presence of the conical axicon introduces a

variation in the optical path length across the

incident beam. The thickness of the cone at a ra-

dius r is given by tðrÞ ¼ ða� rÞ tan c, which leads

to the phase transformation

dðrÞ ¼ d0 þ k0ðnr � 1Þða� rÞ tan c; ð4Þ
where d0 is the phase lag through the centre of the

axicon. Since the evolution of the beam is of

interest, the diffraction integral (3) must be evalu-

ated at a large number of points. This can be

computationally intensive and also become

numerically unstable as z ! 0, leading to the

requirement of unreasonably large sampling rates.

The modal approach does not does suffer from
these shortcomings, and is, in general, more

appropriate for the analysis of axicon beams in

quasi-optical systems. The modal approach allows
r
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Fig. 2. The co-ordinate system used to describe Bessel beams

using Fresnel diffraction techniques.
one to analyse complex beam guide systems by

building them up in a modular way, while at the

same time keeping track of the evolution of the

beam.

In Gaussian beam mode analysis [16], a parax-
ial monochromatic coherent beam, represented by

a scalar electric field E, is expressed as a linear sum

of independently propagating Gaussian modes Wn.

At any plane z, the field is of the form

E0ðr; zÞ ¼
X

AnWnðr; z;W ðzÞ;RðzÞÞ; ð5Þ

assuming cylindrical symmetry. W ðzÞ and RðzÞ are

beam parameters that depend on the propagation

distance z, and the An are mode coefficients. Since

axicon beams are axially symmetric, independent

of azimuthal angle /, only the symmetric La-
guerre–Gaussian modes of degree zero are re-

quired

Wnðr; zÞ ¼
1

W ðzÞ

ffiffiffi
2

p

r
Ln

2r2

W ðzÞ2

 !
exp

 
� r2

W ðzÞ2

!

	 exp

�
� jk

r2

2RðzÞ

� 		
	 expð�jkzÞ

	 exp jð2nð þ 1ÞD/00ðzÞÞ: ð6Þ

The beam width parameter W ðzÞ, phase front

radius of curvature RðzÞ, and phase slippage

D/00ðzÞ are functions of distance z given respec-

tively by

W 2ðzÞ ¼ W 2
0 1

"
þ zk0

pW 2
0

� 	2
#
;

RðzÞ ¼ z 1

"
þ pW 2

0

k0z

� 	2
#
; and

D/00ðzÞ ¼ tan�1 k0z
pW 2

0

� 	
; ð7Þ

where W0 is the minimum value of W , which occurs
at z ¼ 0. If the field E is known at some refer-

ence plane z ¼ z0, the mode coefficients can be

calculated through overlap integrals of the general

form

An ¼
Z Z

W

nðr; z0;W ðz0Þ;Rðz0ÞÞE0ðr; z0Þrdrd/:

ð8Þ
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The modes Wn will propagate through a perfect

beam-guide without scattering, and the output

field at any plane can be reconstructed by adding

together the modes as in [9]. For beams having a

simple profile, the value of W0 is usually chosen so

as to maximise the power in the fundamental mode
[9]. In this way, the fundamental mode can be used

as a zeroth-order approximation of the intensity

distribution, and W gives the scale size of the beam

on propagation. For a complicated beam, like a

Bessel beam, however, the fundamental Gaussian

mode is a very poor approximation, and a different

choice of W that is more physically meaningful is

desirable. Ideally, we would like to find a single
high-order Gaussian–Laguerre mode Wnðr; zW ;RÞ
(defined in terms of both its order n and W ) that is

a reasonable approximation to the axicon beam.

The physical behaviour of the Gaussian mode as it

propagates then approximates the Bessel beam it

represents.

When an axicon is introduced into a propa-

gating beam, we can relate the input beam Einðr;/Þ
to the output beam, using Eoutðr;/Þ ¼
Einðr;/Þ expðidðrÞÞ, with dðrÞ given by Eq. (4). As

in Eq. (3), this approach assumes that the axicon

behaves like a thin lens, in the sense that the phase

transformation occurs across a transverse plane at

z ¼ 0, and diffraction effects within the thickness of

the axicon are ignored. The mode coefficients of

the axicon beam can then be evaluated

An¼
Z r¼a

0

Z /¼2p

0

W

nfEoutðr;/Þgrdrd/

¼
Z r¼a

0

Z /¼2p

0

W

nfEinðr;/Þexpðikrr� id0

0Þgrdrd/;

ð9Þ

where kr ¼ k0ðnr � 1Þ tan c and the constant

d0
0 ¼ k0ðnr � 1Þa tan c.

Without loss of generality, we can assume that

the input field is a simple Gaussian beam, and that

the axicon is located at the waist position. Fur-

thermore, corrugated conical horns produce

Gaussian beams with typically 98% efficiency, and

so such systems are easy to realise in practice [13].

The field at any plane beyond the axicon can

be found, once the mode coefficients are known,
by simply summing the modes according to
Eðr; zÞ ¼ RAmWmðr; z;W ðzÞ;RðzÞÞ. The scale size of

the beam evolves according to the beam width

parameter W ðzÞ, and the beam changes form as

relative phase shifts accumulate between the dif-

ferent modes.

At this stage, we have still to determine what
choice of beam width parameter at the axicon W0 is

best suited to producing a mode set that describes

the Bessel beam efficiently. As described above, we

ideally wish the Bessel beam to be approximated

by either a single high-order Gaussian–Laguerre

mode, or at least by a finite sum of a small number

of neighbouring modes. This approach is analo-

gous to the way in which the fundamental
Gaussian mode can be chosen to approximate

beams having simple tapered profiles. As an

example, we take the case (closely related to the

experimental arrangement described in Section 4)

of a Gaussian beam having Win ¼ 45 mm incident

on an axicon having radius a ¼ 30 mm, prism

angle c ¼ 20� and refractive index 1.52. For a

range of values of W0 between 5 and 25 mm, we
evaluate the corresponding mode coefficients. Fig.

3 below shows the fractional power carried by the

first 12 modes for sample values of W0. Choosing a

value of W0 ¼ 12 mm is the most efficient, as is

clear from Fig. 3. The beam is then clearly well

represented by a small number of modes bunched

around n ¼ 3. The confocal distance of the mode

set, pW 2
0 =k ¼ 150 mm, for k ¼ 3 mm, is approxi-

mately equal to the predicted propagation distance

for the Bessel beam, Df ¼ 170 mm (angle of devi-

ation b ¼ 11:1�). The most efficient mode set for

describing the beam from a particular axicon,

therefore, has a beam width parameter W0 whose

confocal distance matches the non-diverging dis-

tance given by(2). Combining the confocal dis-

tance with(2) gives

W0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ka=p tan b

p
ð10Þ

giving W0 ¼ 12:8 mm for the example being con-

sidered.

The best-fit high-order Gaussian–Laguerre

mode possesses similar characteristics to the Bessel

beam produced by the axicon. In fact, the simi-

larity can be used as an alternative way of finding
the best-fit beam-width parameter W0 and the
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Fig. 3. Power distribution over the beam modes as a function of W . The most efficient W is for W ¼ 12 mm.

Table 1

The higher order mode coefficients of a Bessel beam using

W ¼ 12 mm for an axicon with radius¼ 30 mm and c ¼ 20�

Mode number Abs. value of coeff.

jBmj
Power content––

jBmj2

0 0.083067 0.0069

1 0.160915 0.025894

2 0.297835 0.088706

3 0.47079 0.221643

4 0.349583 0.122208

5 0.264294 0.069851

6 0.121817 0.014839

7 0.097253 0.009458

8 0.053844 0.002899

9 0.074423 0.005539

10 0.064989 0.004224

11 0.032195 0.001037

12 0.038399 0.001474

13 0.030383 0.000923

14 0.016992 0.000289

15 0.033621 0.00113

16 0.035108 0.001233

17 0.019881 0.000395

18 0.015174 0.00023

19 0.023108 0.000534
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associated order n. In other words, the axicon

beam and Gaussian–Laguerre mode should have

about the same width and have approximately the

same number of in-phase zero crossings between
the axis and the rim. For high-order Gaussian–

Laguerre modes, the effective edge of the field

(90% power included) is given by r ¼ pð2nÞW0,

while the number of zero crossings is n. For an

axicon beam, the number of zero crossings nA is

given by the extra number of half wavelengths

introduced into the optical path between the ax-

icon axis and its rim, thus nA ¼ 2a tan b=k.
Matching the widths of the Gaussian mode and

axicon beam gives
pð2nÞW0 � a, and equating the

number of zero crossings, n � nA ¼ 2a tan b=k,

yielding W0

p
ak=4 tan /. This value is consistent

with the result given above, within the approxi-

mations assumed. Of course the exact mode, and

value of W0 that maximises the power in this mode,

will depend on the nature of the beam that illu-
minates the axicon, and on the fact that the power

is not perfectly uniformly distributed between the

diffraction rings of the high-order Gaussian–La-

guerre modes. Nevertheless, (10) is a useful

approximation of the waist needed.

Furthermore, for the example considered

above, where a ¼ 30 mm, we obtain W0 � 12 mm,

yielding n ¼ 3:13 � 3, as expected. Table 1 shows
the fractional amounts of power present in the first

20 modes when W0 ¼ 12 mm, close to the optimum

value. It can be seen that the maximum power is
contained in the third order mode, and also sig-
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nificant power is contained in the neighbouring

second, fourth and fifth modes. In Fig. 4, we plot

the axicon beam at z ¼ 80 mm, (where the axicon

beam best approximates a Bessel beam in terms of

its intensity profile), together with the high-order
Gaussian–Laguerre modes that contain most

power. As can be seen, the mode profiles (nor-

malised to unity on-axis) match the central peak of

the Bessel beam quite well, indicating that this

mode set is a natural fit to the Bessel beam. It is

also noticeable, however, that the secondary

maxima are slightly narrower than the Bessel

beam. Nevertheless, when three modes are added
together, the intensity of the central peak is en-

hanced, while the secondary maxima are smeared,

and reduced in size, giving an excellent approxi-

mation to the axicon beam. Only after these modes

have travelled through the confocal range does

sufficient phase slippage accumulate such that the

modes no longer add with the correct phases to

form a Bessel-like profile.
The modes also begin to spread, causing power

to be distributed over a larger area, reducing the

on-axis intensity of the axicon beam. Fig. 5 is a

density plot showing the evolution of the axicon

beam amplitude with propagation away from the
axicon reconstructed using the Gaussian beam
mode technique. The axicon is at z ¼ 0.

Fig. 6 shows the amplitude and phase profiles

for three representative values of z: z ¼ 0, 80 mm

(approximately 50% of the focal range) and 300

mm (well beyond the focal range). Also plotted is

the best-fit Gaussian–Laguerre mode of order 3.

Both Figs. 5 and 6 describe how the beam from the

axicon propagates.
At z ¼ 0, the amplitude has the same form as

the truncated incident Gaussian, as it must,

whereas by contrast, the phase has a large linear
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slope, which wraps around quickly through mul-

tiples of 2p showing the presence of the phase

transformation introduced by the axicon. On

propagation, the amplitude pattern quickly
evolves into a Bessel beam, because of the high
spatial frequencies introduced by the phase trans-

formation. The intensity profile soon develops an

intense on-axis peak with faint diffraction rings

(beyond z ¼ 10 mm). Also shown on Fig. 6 is the
best-fit high-order Gaussian–Laguerre–Gaussian
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mode (faint line), which approximates the ampli-

tude and phase of the Bessel beam. Beyond the

limited diffraction-focal range, interference with

the other higher-order modes eventually causes the

Bessel beam pattern to disappear.

The on-axis intensity of the beam produced by
the axicon does not remain constant in the overlap

region (within 150 mm in this case: see Fig. 1), but

varies with distance z from the axicon. The inten-

sity of a true Bessel beam of infinite extent would

not vary. In the geometric limit, the axicon gen-

erates an on-axis intensity whose average value

increases linearly with z [8]. On the other hand, as

already mentioned, in the case of long-wavelengths
systems, diffraction effects caused by truncation at

the edge of the axicon have an important influence

on the on-axis intensity. Fig. 7a illustrates the

variation in on-axis intensity, predicted using

Gaussian beam mode analysis, for incident

Gaussian beams having various widths relative to

the size of the axicon. In generating Fig. 7, we have

used an axicon radius of 30 mm, as before. In
modelling the system, all incident radiation outside

of 30 mm was assumed to be terminated perfectly,

similar of course to the experimental arrangement

when absorbing material is used. The power in

each incident Gaussian beam is normalised to
0
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Fig. 7. (a) The variation of on-axis intensity of a Bessel beam produced

of beam widths. (b) The variation of on-axis intensity of a range of sim

radius 30 mm.
unity, and so as the input Gaussian becomes large

relative to the radius of the aperture, less power is

coupled into the Bessel beam. This effect results in

a lowering of the on-axis intensity for larger

Gaussian beams, and also some diffraction effects

(related to Poisson spots) are introduced. Fig. 7b
shows the on-axis intensities of the Gaussian

beams when the axicon is removed, but an aper-

ture having the same radius of the axicon is left in

place. It is evident that the on-axis intensity of the

Bessel beam has features that are similar to the

ordinary diffraction effects produced by an aper-

ture: although, the Bessel beam has a much higher

intensity peak, of course.
When designing a system, therefore, it is

important to achieve the correct balance between

making the incident Gaussian beam sufficiently big

to get the greatest possible limited diffraction focal

range, Df , while at the same time, not making the

beam so big that undesirable diffraction features

are introduced. In Fig. 7a, it is also clear that if the

waist is chosen correctly, the intensity of the on-
axis spot builds up approximately linearly with

distance, as in the geometrical case. The use of

optical components with a range of focal lengths

can be used to control the size of the incident

Gaussian beam in an experimental configuration,
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by an axicon of radius 30 mm for Gaussian beams with a range

ple Gaussian beams (no axicon) diffracted by an aperture with
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and therefore we conclude that it is possible to

design axicons that give reasonable performance at

submillimetre wavelengths.

When the Bessel beam has propagated further

than the limited diffraction-focal range, Df , the

central bright peak dissipates, and in the far field,
the axicon beam possesses annular like structure

with a possible faint on-axis spot.
Aperture
3. Axicon beams in complex quasi-optical systems

Gaussian beam mode analysis is a very power-

ful tool for building up complicated quasi-optical
systems involving multiple components (lenses,

apertures, stops, curved off-axis mirrors etc.)

[9,16–18]. Novel arrangements such as the cou-

pling of two axicons facing each other can be

readily investigated, and more complex optical

fields that are partially coherent can be dealt with

within the formalism [19]. Gaussian beam mode

analysis also allows standing waves in multi-com-
ponent systems to be modelled, which would be

particularly beneficial if applied to Bessel beams

[20].

According to this view, we consider the field

incident on the axicon as already consisting of a

modal sum having the form Einðr; z0Þ ¼
RAnWnðr; z0;W ;RÞ. The effect of the axicon is to

introduce a radial, linear phase delay: expðikrrÞ,
which affects each of the modes present in the

summation. Thus, Eout can be rewritten

Eoutðr; z0Þ ¼ RAnfWnðr; z0;W ;RÞ expðikrrÞg
¼ RBmfWmðr; z0;W ;RÞg: ð11Þ

Clearly each phase-transformed modal field

WAxicon
n ðr; z0;W ;RÞð¼ fWnðr; z0;W ;RÞ expðikrrÞgÞ is

no longer a free-space mode, but has to be itself

represented as a sum of true modes

WAxicon
n ðr; z0;W ;RÞ ¼ RSmnWmðr; z0;W ;RÞ. Smn can

then be thought of as the elements of a scattering

matrix that represents the axicon. The elements are

therefore given by

SAxicon
mn ¼

Z
W


mðr;/ÞfWnðr;/Þ exp½ikrr�grdrd/:

ð12Þ
The output mode coefficients Bm are now given

by the alternative relationship Bm ¼ RSmnAn. Thus,

in mode amplitude space the set of input mode

coefficients An have been transformed into the set

of output mode coefficients Bm by the axicon rep-

resented by the scattering matrix Smn.
The scattering matrix approach can be compu-

tationally intensive as a much greater number of

integrations are required than the simpler ap-

proach taken in Section 2. However, the scattering

matrix Smn is input-field independent, and can thus

be used to describe the effect of the axicon on any

general incoming field distribution. With this ap-

proach, it is also easy to model the effect of an
aperture or other optical component placed in the

path of a Bessel beam produced by an axicon [18].

In this case, we simply need the scattering matrix

of the component, such that the propagating mode

coefficients can be modified accordingly. However,

it is also important to keep track of the component

mode phase slippages in this scheme.

As an example, we take the system described in
Section 2. Now, however, we place an aperture at a

distance of 50 mm from the axicon (about 35% of

the limited diffraction range in front of the axicon).

The scattering matrix for an aperture is deter-

mined in a similar way to that of the axicon. The

truncated incident field at the aperture can be

written as the incident sum of truncated modes

which must then be re-expressed as a new sum of
true untruncated modes (in a similar way to the

case of the axicon) in order to model propagation

beyond the aperture. Thus,

Eoutðr; z0Þ ¼ RAnfWnðr; z0;W ;RÞgT

¼ RBmfWmðr; z0;W ;RÞg; ð13Þ

where the superscript T represents modal trunca-

tion. In this case the elements of the scattering

matrix relating the Bm to the An through

Bm ¼ RSmnAn are again given by overlap modal

integrals, in this case of the form:

SAperture
mn ¼

Z
W


mðr;/ÞfWnðr;/ÞgTrdrd/

¼
Z

W

mðr;/ÞfWnðr;/Þgrdrd/: ð14Þ
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Clearly, the Smn values are obtained by evalu-

ating the integral over the physical area of the

aperture, as in [18]. Between the optical compo-

nents the Gaussian modes accumulate mode

dependent relative phase slippages, which can be

incorporated into the scattering matrix formalism
by representing this propagation in terms of a

diagonal scattering matrix where the diagonal

elements contain the phase slippage elements,

Pnm ¼ dmn expðj/mÞ. The phase slippage terms are

then associated with the mode coefficients rather

than included in the functional form of the modal

fields. If one can ignore standing waves then the

overall scattering matrix for the axicon-aperture
system is given by the matrix product of the three

matrices ½S�Total ¼ ½S�Aperture � ½P� � ½S�Axicon
.

The total scattering matrix of axicon-aperture

system is thus readily evaluated, and the vector of

mode coefficients is evaluated for the region be-

yond the aperture by multiplying the vector of

incident mode coefficients at the axicon by this

matrix. The beam pattern in the region beyond the
aperture can then be reconstructed in a straight-

forward manner. Fig. 8 illustrates the effect of thus

placing an aperture in the beam of Fig. 5: the two

plots correspond to different sized apertures. As

can be seen, stopping the beam down to the radius

of the central spot (6 mm approximately) causes

the beam to diffract severely, destroying the large

depth of focus of the Bessel beam of Fig. 5. This
effect is expected on physical grounds, because the

higher order modes are preferentially attenuated

thus removing their narrow intense central peaks

from the beam. An alternative interpretation, is
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Fig. 8. Effect of truncation at an aperture stop for trunca
that the rings of the Bessel beam are removed, thus

leaving a single narrow peak, with a reduced depth

of focus. After the aperture, the beam spreads as

though it were a simple Gaussian having a width

equal to the central maximum (about 2k in this

case). Thus, in general, the unique features of a
Bessel beam can be severely compromised by the

presence of any vignetting of the field. Also shown

is the case where the truncation level is less severe

so that the first ring of the diffraction pattern is

allowed through also. The beam recovers some of

its depth of field as expected.

It is even possible to include the effects of

standing waves within this formalism provided the
reflections from the axicon surfaces are adequately

modelled. This follows a very similar analysis to

that for lenses and dielectric windows discussed in

[20]. The determination of the overall scattering

matrix in that case is more complicated as the

reflections are taken into account.
4. Experimental set-up and results

To validate the model, an experiment was

undertaken to measure the field produced by an

axicon at 100 GHz (see Fig. 9). The axicon was

manufactured from high density Polyethylene with

a diameter of 60 mm and a prism angle of 20�
(cone apex angle of 140�). The refractive index of
high density polyethylene at 100 GHz is nr ¼ 1:52

[9], giving an angle of deviation b of 11.1�.
Using(2), a limited diffraction range of 150 mm is

calculated geometrically. The radius r1 of the
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z
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0
20
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r

(b)

tion radii of r ¼ 6 mm and 12 mm (see also Fig. 5).
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Fig. 9. Experimental set-up to investigate the output field from the axicon. A x–y scanner is used to record the output field in a

rectangular area.
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central peak of the Bessel beam produced by the
axicon can be determined roughly from the first

zero of the Bessel function

J0ðkr1 sin bÞ ¼ 0; ð15Þ
and given by [10]

r1 ¼ 2:4048k=2p sin b: ð16Þ

For the particular axicon used in the experi-

ment, a beam with a radius of 5.8 mm is predicted.

The confocal range pW 2=k of an equivalent

Gaussian with a beam radius W of 5.8 mm is

calculated to be 35.2 mm at 100 GHz, compared to

150 mm for the Bessel beam. This illustrates the
large depth of focus that is available with a spot

size of just a few wavelengths. Increasing the prism

angle of the axicon can reduce the size of the

central maximum. Narrow Bessel beams with a

radius of 3 mm (order of a wavelength) can be

produced with an axicon prism angle of 33�. In

this case, however, the beam remains invariant

over a shorter distance Df ¼ 71 mm.
To measure the beam, a Gunn diode with an

operating frequency range of 95–105 GHz was

used. The operating frequency set to 100 GHz and
a profiled corrugated horn (aperture radius 10.5
mm, axial length 105 mm) was used as the radi-

ating antenna. The measured and predicted far-

field patterns of the horn show low sidelobes and

hence good Gaussicity. The phase centre (waist

position) of the corrugated horn (with W0h ¼ 6:1
mm) lies a distance of 18.6 mm behind the aperture

and coincides with the focal point of an off-axis

parabolic mirror (f ¼ 500 mm), which collimates
the beam incident on the axicon. The angle of

throw of parabolic mirrors was 45�. In this optical

configuration, a corresponding Gaussian waist of

radius W of 78 mm is produced at the axicon with

a flat phase front. The apodisation is thus rela-

tively slight. A Schottky-diode detector was

mounted on a computer-controlled XY scanner, at

the output plane. The detector feed was a flared
wave-guide of aperture diameter 2 mm. Data was

collected from the defined area and read to a PC

via a variable gain scaling amplifier and a 16-bit A/

D (analogue–digital) converter. A two-dimen-

sional intensity pattern was thus measured with a

dynamic range of 36 dB. The scanner was capable

of covering an area of 550 mm · 550 mm with a

step resolution of 0.3 mm. Microwave absorbing



Fig. 10. Comparison experimental results with GMBA predictions. (a) Beam pattern 5 mm from axicon-rings beginning to form but

incident Gaussian illumination still visible (heavy line¼ theory, thin line¼ x cut, dashed line¼ y cut). (b) Beam pattern at 50 mm from

axicon-intense central spot has now formed (heavy line¼ theory, thin line¼ x cut, dashed line¼ y cut). (c) Beam pattern 100 mm from

axicon-intense central spot close to centre of limited diffraction (heavy line¼ theory, thin line¼ x cut, dashed line¼ y cut). (d) Beam

pattern 300 mm from axicon––beyond limited diffraction focal range. Central intense spot begins to dissipate and has same intensity as

rings (heavy line¼ theory, thin line¼ x cut, dashed line¼ y cut).
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material was used to avoid unwanted reflections

from the component mountings.

The experimental data is compared with theo-

retical results, calculated using Gaussian beam

mode analysis, in Fig. 10. A cylindrically sym-

metric Bessel beam was indeed produced, with an
intense on-axis spot and large depth of focus as

predicted. Good agreement was achieved between

simulation and experiment for values of z > 10

mm, verifying the theory and the practical reali-

sation of a Bessel beam at millimetre wavelengths.

At the 5-mm position (at the axicon), the Bessel

beam profile was not fully formed. The beam from

the axicon, however, was slightly narrower than
the simulations predict. This disagreement is likely

to be due to the approximation that the axicon

behaves as a thin phase-transforming surface.

Nevertheless, Gaussian beam mode analysis man-

ages to predict, reasonably well, even the way in

which the Bessel beam forms.

It is also interesting to point out that at dis-

tances greater than 150 mm the intensity of the
Bessel beam fell off quickly. The on-axis intensity

did not remain constant with propagation dis-

tance, but varied with distance as expected.
5. Conclusions

In this paper, we have illustrated how Gaussian
beam mode analysis can be used to analyse the

long wavelength behaviour of systems incorpo-

rating axicons. Gaussian beam mode analysis is

computationally more efficient than the traditional

Fresnel diffraction techniques, and also offers the

advantage of giving physical insight into the way

in which Bessel beams form and propagate. A

Bessel beam can be approximated by a finite sum
of a few neighbouring high-order Gaussian–La-

guerre modes. The main advantage of the Gauss-

ian mode approach is that it is straightforward to

study the consequences of using a finite size ax-

icon, and what happens when a Bessel beam

propagates through a complicated sequence of

optical components. In the paper, we illustrated

the technique by propagating a Bessel beam
through an aperture. We also reported the exper-

imental generation of a Bessel beam at 0.1 THz; it
was clear the theory predicted the true experi-

mental behaviour exceptionally well. Our work

opens up the possibility of designing and using

Bessel beams at far-infrared and THz frequencies.
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